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Summary. — In this work we show an experimental method allowing the 
determination of an imaginary part, if it exists, in the viscosity coefficient. 
The researches, which have been carried out by using a particular 
phasemeter, allowed us to measure actually this imaginary part, which 
in some liquids has a considerable value. 


1. — Introduction. 


Tf a lamina is vibrating with x as direction and with a frequency v= [27 
in a liquid having density 0, the viscosity coefficient being w (and therefore 
the kinematic viscosity coefficient is 7 = 4/0), a transversal viscosity wave shall 
spread in the liquid, having y as direction on a line at right angles to the plane 
of the mentioned lamina. The viscosity wave shall have wave surfaces parallel 
to the xz plane of the lamina (2 is at right angles to the plane of the sheet). 

If the vibration speed of the lamina is u= a-exp|[i(ot+e)] the differen- 
tial equation of the transversal vibrations propagating in the liquid, is the 


following (1): 


ia 


But @u/dt=iwu therefore 02u/0y° = iwu/n. 


(1) H. Lamp: Hydrodynamics (New York, 1932), p. 619. 
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. ò . A ae ARE 
The general solution for this equation, if we consider B = (@/27)*, is Sup- 


plied by 
(1) u, = A exp[( + i)fy] + B exp [— (1+ d)by]. 


The value of the constants 4 and B depends on the limiting conditions. 
In the case in which the liquid extends towards the direction y, to a dis- 
tance 1 from the oscillating lamina, and when the same liquid is in contact 
with both the surfaces of the lamina, considered as being indefinite, two con- 
ditions result: 

a) for y— 0 the liquid has the same speed as the lamina, therefore 
a=A-+B; 

b) for y=1 the liquid has always a speed equal zero, and therefore it 
is possible to derive A exp[(1+4)81]+B exp [— (1+%)f1] = 0. 


By means of simple algebra we have 


sinh (14 7) b(U— y) 
sinh (1 + è) Bl 


(2) Ugg = a ‘exp [i(ot + ¢)]. 


Eq. (2) expresses the speed w in relation to y and to time ¢. 
The force F, acting on the lamina’s surface unit in contact with the liquid, 


ie Qu 
DR 


Therefore from (2) we may derive 


is evidently 


F = pu(1+ i)Ba coth (1+ i)fl-exp [i(wt + e)]. 


From the definition of 4’, which is the specific mechanical impedance, 
we have 
, F a ; 
Z'= oa u(1+ i)p coth (1 + à)Bl = 
sinh 261 + sin 21, sinh 261 — sin 261 


== 40} = FE 
uP cosh 281 — cos 281 | MP cosh 261 — cos 261 


If 261<1, leaving out terms starting from 2((261)°/5!), we find the fol- 
lowing expression for Z’: 
7 l 
(31) SA 
LE 
In view of our experimental conditions (see below) we have 1 — 0.1 em 
i vents 
= 27:50 Hz therefore having 261<1 we have the condition y > 6.28 poises. 
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Supposing it is possible to measure Z’ experimentally, from (3') it is pos- 
sible to find that for liquids having 4 > 6.28 we should obtain results from 
which it is possible to derive that the real part varies from liquid to liquid, 
whereas the imaginary part should be more or less constant, in view of the 
fact that, generally speaking, the density o hardly varies. 
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Instead, the experimental measurements of Z', obtained by a method Us 
we shall describe later on, have shown interesting irregularities, in connection 
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with the various liquids, when compared to the above forecasts. In fact the 
coefficient of the imaginary part of Z' for certain substances is not only deci- 
dedly higher than wgl/3~10 but also different for various liquids. 

Then was considered the possibility of attributing a complex expression 
to the viscosity coefficient u= u,+ iu, as many researchers have admittedly 
done recently in their studies on the liquid or semisolid states (2): 


de 1 I ] 
1 10 10? Ka 
Fig. 1-b). 


Following this position the generic expression of Z’ (3) becomes rather 
complicated in view of the fact that in this case 6 is complex; indeed we have 


Z'= Z, + iZ, = (tu + iw)(1+ 08 coth (1 + 161, 
with 


(we) ji oh tai + uè)? =] ; AL + juz)? — ai 
| Hi + We ui + pi J , 


(2?) T. H. F. Huerer and R. H. Bor: Sonics (London, 1955); W. P. Mason: 
Piezoelectric Crystals and their Application to Ultrasonics (Amsterdam, 1950); J. Teer! 


Kinetic Theory of Liquids (New York, 1955). 
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The « Istituto Nazionale per le Applicazioni del Calcolo » has had the cour- 
tesy to calculate the values Z, and Z, for pre-established values of 4, and y. 
The curves shown in Fig. 1-a), b) and Fig. 2-a), b) give the values of Z, and 
Z, as function of w, for various values of Pa. 
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ernii experi ally, i 
Once the values of Z, and Z, have been determined Fan eue y, it 
is possible by means of a graphic method to determine w, and ps; in fact, 
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supposing that Z, and Z, are known, and considering Z, a constant, a 
curve is traced called #,, by means of the attached tables, as function of y; 
relatively to those particular values for Z,. Similarly, considering Z, con- 
stant, a second curve of y, as function of y, can be obtained. The co-ordi- 
nates of the point where eventually the two curves intersect each other on 
the plane (us; 41) represent the values for w, and y, that are characteristic 
for the liquid having specific mechanical impedance Z'= Z,+ iZ,. 


2 >= TRE RER Re i 
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In conclusion the problem of determining the real part and the imaginary 
= (©) 3 


d 


part of w is reduced down to the experimental measurement of Z, and Z 
Qe 


2. — Experimental device. 


Mechanical part. — The experimental apparatus for the measurement of the 
mechanical impedance, generally speaking, is not very different from the one 
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built by FITZGERALD and FERRY (*) to compare the electric properties of ge- 


latines and semisolid substances. 


However it is much simpler and easier to build. The moving coil of an 
electrodynamie loudspeaker A (Fig. 3) (Geloso SP200) is rigidly connected to 


a light cylindrical stem L having 10 cm length, 
0.5 cm diameter, and a thickness of 2-10-2 em. In 
the middle of this stem is fixed a cylinder C of 4 em 
length, 4 em diameter, 10-? cm thickness. The cyl- 
inder may be immersed in a cylindrical container 
the base of which is a circular ring having a width 
of 21 — 0.2 cm and as average diameter the diame- 
ter of the cylinder C. The end of the stem Z carries 
another coil that can be placed within the radial 
magnetic field of a permanent magnet identical to 
the one called A so that a receiving device B is 
formed, which is identical to the transmitting one. 
The whole system is in perfect vertical axial sym- 
metry. Particular care must be taken in having 
as little weight and as much rigidity as possible 
in the part oscillating with the coil A (stem, cyl- 
inder and coil B) in order that the dynamic con- 
ditions of the free A coil are not noticeably mo- 
dified. 

The magnet B is fixed, while the remaining part 
of the device may be displaced vertically inasmuch 
as it is fixed to a vertical arm that may slide con- 
tinuously on a special fixed support. 

In order to avoid the transmission of vibrations 
into the liquid, a separate base carries another sup- 
port on which an arm is free to move along a verti- 


10° 2 
Wg. o 


cal course. This arm carries the container in which there is the liquid under 
examination. The container is movable on horizontal and vertical planes by 
means of a mechanical device, so as to insure perfect parallelism between the 
cylinder € and the cylindrical sides of the container, for the whole path caused 
by the immersion of the cylinder in the liquid. The latter is another condi- 
tion that must be carefully observed in order to make sure that the thickness / 
of the liquid does not vary, as the cylinder is immersed in the liquid. 

The previously developed theory is referred to a plane and indefinite lamina. 
In the application the lamina is cylindrical. But in view of the fact that the 
length of the viscosity wave is comparatively great, the surface may be consi- 


(3) E. R. FirzeeraLp and J. D. FERRY: Journ. Colloid. Sci., 8, 1 (1953). 
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dered as being practically plane. And bearing also in mind the remarkable 
mechanical action of the lamina, it may be considered indefinite which means 
that the force presented by the penetration of the lamina in the liquid is not 
taken into consideration. 

Special graduations on the arms give the possibility of realizing the fol- 


lowing conditions: 
1) the coil B is situated symmetrically in the air gap of the magnet B; 


2) in these conditions the cylinder © is in the air and its lower rim is 
barely lifted from the free surface of the liquid. 


Starting from these positions, the amount according to which the container 
is lifted corresponds to the depth at which the cylinder is immersed in the 


liquid. 


Calculation and measurement of the total impedance Z.- Let us now proceed 
with the calculation of the mechanical impedance Z, of the vibrating suspen- 
sion, when the cylinder © vibrates in the air. Let ?,— i exp [tot] be the 
intensity of the alternating current fed into the coil A, having a length l, 
placed in a magnetic field whose induction vector B, is constant and at right 
angles with the turns of the coil. A force F=B ,:1,-i, (F in dine, B, in gauss, 
i, in e.m.u.) acts on the coil. Consequently the system oscillates with an instan- 
taneous velocity v= v, exp[i(0t— g,)] and at the terminals of the inducting 
coil, having a length l,, placed in a magnetic field whose induction vector B, is 
constant and at right angles with the wires, arises an alternating e.m.f., having 
the same frequency © and a phase difference g,, given by 


AVE = Be . L, ‘Vv = AG È exp [i(at == Po) | (AV, in 10-8 V). 
Hence the mechanical impedance in air is 


hy = = Bala Bale gg © Exp exp [igo] 


If we wish to express à, in ampere and AV, in volt, provided the value 
of B in gauss remains unaltered, it is necessary to multiply the last quan- 
tity by 10-* and then the expression of Z, (in C.G.S. absolute units) is given by 


atl à 1997 
Zo = 10? K ian exp [im]. in ampere; AV, in volt. 
0 


Now, the variation AV, and go are measured (with 7, constant equal 
2.0:107 A) when the cylinder is vibrating in a liquid. 
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Let AV and g be the e.m.f. and the phase measured with the cylinder vibrat- 
ing in a liquid, the total impedance of the system becomes 


(4) Z=10°K ny exp [ig]. 


The variation in the impedance is evidently due to the action of the liquid on 
the cylinder. 

The impedance Z, of the cylinder in air is also complex, and of Z,= 
= Z,+iZ, type. Now, supposing S is the surface of the cylinder immersed 
in the liquid and remembering that the latter is in contact with both sides 
of the cylinder, we may state (*) that the total impedance Z is 


(4’) Z = Dot 287' = (Z, +287.) + u(Z, + 287,) . 


By identically equalizing respectively the real parts and the coefficients of the 
imaginary parts of (4) and (4) we get the system 


7 9 Q 7 7 Wa fai i 7 
| Zi + 287: — 10 XK Nr COS P è 
7 CY r a . 
| Zo + 287, = 10 °K a sin @ . 


From these we have the following functions AV and tg g as functions of the 
cylindrical surface S in contact with the examined liquid: 


7 | Zi 
AJ == Sa "es Sr SEN te =F is 


[(Z + 282)? + (Zo + 282) PP da 


AV is therefore a decreasing function of S. As to the variation of g with S 
by deriving tg @ we have 


d 2(Z.Zo— Z1Z0) 
ad (tg @) = Ro VAS 
ds (Zo + 28 n) 


hence if Z,= 0, then g decreases with S; if 


3 > and i Vie = ZZ, 


12 


then g increases with S. | 
AV and g were determined when S changes from 6.6 cm* (the cylinder 
being immersed in the liquid to a depth of h = 0.5 em) to 33 em? (hk = 2.5 cm). 
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The values of AV and @ for h< 0.5 are not considered, so as not to take into 
account the rather complex effect of the first contact forces and of the adhe- 
sion ones between cylinder and liquid, that when h= 0 (S 0) are evidently 
preponderant on the surface forces which only the exposed theory takes into 
account (*). 

We must now discuss the determination of Z, and Z, which appear in the 
system (5). This is possible when, for a certain liquid AV, y and S are exper- 
imentally known and if Z,, Z° and K are already known. Now we may Say 
for S — 0 


/ 


: 208 n\ 
Wie = 10 K%, ( i ’ 
S-0 


ai AV 
i 2° =10Ki, (SRL 
Lie al 20 AY FN 


and the values of Z, and Z" may therefore be calculated extrapolating for 
S-0 the experimental curves of AV and ¢. 

In order to determine the value of K = B,:B,1,:l, (gauss per em)? when 
1, and {, are known, the value of B was measured in the air gap of the radial 
fields of the magnets A and B by means of a coil built in such a way that it 
reacted only to the variations of flow due to the radial field whose lines of 
force are linked to the lateral surface of the coil, and 
did not react to the flow variations due to the vertical 
field linked to the section of the coil, which evidently 
appear as being equal and opposite (Fig. 4) (*). 

With our magnets we had B,=(8500+150) G and 
B,—(9350+175) G. 

When K is known, from (5) and (5’) the following 


explicit expressions are derived and they give the 
possibility of rapidly calculating Z, and Z, 


10 Ki, [cos p COS @ 
fips ee ; 
28 AJ AY ee 


(6) o 
| z ostia; 


sin œ sin q 
AV ER A 


One of the fundamental points of the work is experimentally set by the 


28 


() We believe that useful notions might be furnished on the surface pressure and 
tension by the variation of AV and g obtained exploring with h ~ 0. 

(**) The solidity of this method for the measurement of B has been confirmed by 
an exchange of useful information with the Research and Consulting Office of Geloso 
S.p.A. whom we hereby wish to thank and credit. 
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fact that the values of Z, and Z, calculated according to the previous system, 
for the values of S itself, vary very slightly for a given liquid, involving as 
they do a relative error that generally speaking is not over 10%. 


Electric circuits. — The electric circuits of the apparatus consist in a gene- 
rator producing sinusoidal alternating voltage (Philips GM 2308) feeding the 
coil A that has a resistance 2~ 3 ohm through which flows a current having 
an intensity i= 20-10-? A. In series with 
coil A there is a purely ohmic resistance 
R (Pig. 5) at the terminals of which the 
ohmic drop is in phase with the intensity 
of the current 7,. 

If the mechanical impedance Z is com- 
plex, there is a difference in phase be- 
tween the e.m.f. induced at the terminals 
of coil B and the current in coil A. This 
e.m.f. is measured with an oscillograph. 
To measure the phase angle between the 
induced voltage AV, and the intensity 
of the current i, (or voltage at the ter- 


Qt 


minals of R) a Vecchiacchi type phase- Fig. 
meter was used, capable of measuring 
the phase between two sinusoidal 50 Hz voltages. 

The principle on which the measuring is based lays in the determination 
of the ratio At/T between the interval of time At (between the change over 
passing by zero of the two sinusoidal voltages under comparison) and their 
period 7. The two voltages, before being directly compared, are duly amplified 
by means of two absolutely identical channels, they are also brought to the 
same amplitude, filtered in order to eliminate eventual harmonics and trans- 
formed into symmetrical rectangular signals having fronts that correspond 
perfectly to the passages by zero of the original sinusoids. 

Pulses are generated to correspond to these fronts and they are forwarded 
respectively to the two plates of a bistable multivibrator. They cause a 
rectangular signal the duration of which, in regards te the period 7’, is there- 
fore a linear function of the dephasing. The measuring of the phase is performed 
by means of a bridge system to one arm of which the average value of the 
rectangular signal is applied whilé in the other one there is a direct current 
that by means of a linear potentiometric system can be reduced to zero. The 
terminals of the potentiometer are set in such a way that they correspond res- 
pectively to zero and 360 degrees of dephasing. The position of the potentio- 
meter’s slider, when the bridge is balanced, gives a direct reading that cor- 
responds to the degree of the dephasing. 
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The amplitude of the two sinusoidal signals, the dephasing of which we are 
measuring, must not go beyond 10-1V and must not be less than 2:107? V. 
It is advisable to feed the filaments with direct current in order to avoid 
harmful interference with the voltages to be compared. 


3. — Results. 


In Fig. 6 and 7 are shown a few tipical curves, AV versus S and g versus S. 
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Table I shows the values of u,, 4, and the values of w,,, giving the viscosity 


coefficient measured by means of the Ostwald viscosimeter or by means of 
other instruments set on the same principle. 


TaBLE I. — Values in C.G.S. system at (26+2) °C. 


| Most | My | Me 
TE A es ne : = A 

Apiezon Oil B MONTS Oa! Wey EOS 1073 

| Polyethylene Glycol | 1.6 +0.1 1.5 +0.3 10 

| Vaseline Oil |, Beil Set | De 220m TO 

| Tylose in Water 2.5 +0.2 NS 00.3 | (1° +0.5)-10-2 

| Mobiloil Sample (C) | 3.2 +0.2 4004 10-3 

| Mobiloil Sample (D) | 4.4 +0.4 | 5.0 +0.4 | 103 

| Glycerine PCA DORE HE 1.5 +0.5 

| Mobiloil Sample (E) 9.8 +0.5 NO DE Ps) 2.0 +0.4 

| Castor Oil (1.05+0.05)-10 | (1.00+0.15)-10 2.6 +0.5 

| Mobiloil Sample (F) (1.25 £0.05) -10 (1.05 +0.10)-10 7.0 +1 

| Mobilube SAE 140 (2.00+0.10)-10 | (1.20+0.10)-10 | (1.90+0.20)-10 

| Mobiloil Sample (H) (2.4640.15)-10 | (1.50+0.15)-10 MT 202015) 20 


| 


From their perusal the following conclusions may be drawn: 

1) the theoretical relation Z,= pli, (in our case Z,= 10-4), was con- 
firmed very well by experimental methods with 1.5<u,,< 10 poise in the 
sense that u, appears to be equal to p,., (relative error 510%); 

2) it appears that pu if uu >10 (compare the data relative to 
sample # and sample H of Mobiloil and Mobilube SAE 140); 

3) for very viscous liquids y,.,>10 it is possible to obtain a value for y. 

The table shows the values obtained for y, and y, in connection with 12 liq- 
uids that were the object of these preliminary measurements. 

The work is in progress with the aim of considering the influence of the 
temperature and the frequency on wi and >. 

The phasometer was designed, built and tested by the Technical Depart- 
ment of the Italian Radio and Television System in the Turin laboratories. 
We hereby wish to thank the Director of the said Department, Ing. LA ROSA. 
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In questo lavoro viene esposto un metodo sperimentale che permette di deter- 
minare una componente immaginaria, se esistente, nel coefficiente di viscosità. La 
ricerca, che è stata condotta mediante l’impiego di un particolare fasometro, ha per- 
messo effettivamente di misurare questa componente immaginaria, la quale in qualche 


liquido presenta un notevole valore. 
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Mesure de la section efficace totale 
T*-p et t--p de 400 MeV à 1.5 GeV. 


J. C. Brisson, J. F. DETOEUF, P. FALK-VATRANT, 
L. VAN Rossum and G. VALLADAS 


Service de Physique Corpusculaire à Haute Energie, O.E.N. - Saclay 


(ricevuto il 22 Giugno 1960) 


Summary. —— Measurement of the total cross sections for 7*-p and x -p 
by attenuation in liquid hydrogen of a beam whose energy was known 
to +1% and with a total AP/P of +1.8%. The energies and values 
for the cross sections at the maxima are 


TW: Le, = (605 ale 6) MeV È Otot = (45.8 +1.8) mb , 
Tr csi (890 + 9) MeV 5 044 = (58.0 +1.8) mb , 
wo lg — (13380230) Mey, O44 = (38.0+2.0) mb. 


Compilation of results concerning the elastic and inelastic cross sections 
obtained by other experimental techniques in the neighborhood of the 
second and third resonances of x. Discussion of the second and third 
resonances. 


1. — Introduction. 


Les sections efficaces totales d'absorption 7*-p et m-p au dessus de la 
première résonance $$ ont été mesurées antérieurement par Coon et al. (1), 
LINDENBAUM et al. (?), et plus récemment par BURROWES et al. (3), et LoNGo 
d Gls (Oe 


(1) R. Coot, O. Piccioni et D. CLARK: Phys. Rev., 103, 1082 (1956). 

(2) S. J. LinpenBaum et L. C. L. Yuan: Phys. Rev., 111, 1380 (1958). 

(3) H. C. Burrowes, D. 0. CatDwetu, D. H. Friscn, D. A. Hitz., D. M. Ritson 
et R. A. ScHLUTER: Phys. Rev. Lett., 2, 117 (1959). 

(4) M. J. Longo, J. A. HELLAND, W. N. Hess, B. J. Moyer et V. PEREZ-MENDEZ: 
Phys. Rev. Lett., 3, 568 (1959). 
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L’existence probable de nouveaux isobares (*) donnait un nouvel intérêt à 
la connaissance précise de ces sections efficaces. En particulier il etait néces- 
saire de préciser l'énergie des maxima observés aux environs de 600 et 800 MeV (8) 
dans la section efficace r--p et de 1400 MeV dans la section efficace t'-p. 

Nous avons refait des mesures d'absorption dans l'hydrogène liquide à 
l’aide de faisceaux de nf d'énergie connue à 1% et couvrant une bande 
d’impulsion de largeur relative égale à +1.8%. 

L'expérience a été réalisée auprès du Synchrotron à protons de Saclay (*). 


2. — Dispositif expérimental. 


Nous avons utilisé deux faisceaux secondaires représentés dans les Fig. 1 et 2. 


iS Ou Fig. 1. — Faisceau no. 1. 

S, \¥ SDs: 3° section droite; 
pri P: protons de 2.6 GeV, in- 
Pd tensité environ 2-10'/cy- 


——————— 
Od 2 8 & Sin 


cle: C: cible de carbone; 
BH: écran magnétique; 
Q: quadrupôle à trois 
lentilles D=15 em; A,: 
aimant en ©; M: mur de 
protection; H,: cible à hy- 
drogène; Ss, Sg, Sq, S5: 


compteurs à scintillations. 


(tk init 
OT 23 6 Sim 


Fig. 2. — Faisceau no. 
2. Voir légende Fig. 1; 
i C: cible de cuivre; 
DI A,: aimant en C; S: 


EH enr compteur à scintilla- 


3 = tions. 


(5) R. R. Wirson: Phys. Rev. 110, 1212 (1958). | 

(*) Des résultats partiels de cette expérience commencée avec la collaboration de 
L. C. L. Yuan, ont été publiés dans une lettre à la Phys. Rev. (°). | 

(6) J. C. BRISSON, J. F. Derogur, P. FALK-VAIRANT, L. Van Rossum, G. VAL- 
papas et L. C. L. Yuan: Phys. Rev. Lett., 3, 561 (1959). 


lon! 
Uni 
n 


bo 
LO) 


il J. C. BRISSON, J. F. DETOEUF, P. FALK-VAIRANT, L. VAN ROSSUM et G. VALLADAS 


Le premier faisceau a été utilisé pour des mesures de 400 MeV/c a 
1200 MeV/e; la cible à l’intérieur de la machine était un parallèlépipède de 
carbone de 10 em de long, de 3 em de haut et 1.5 em de large. Pour réduire 
la diffusion multiple aux basses énergies, un boudin d’hélium était placé le 
long du faisceau. 

Le deuxième faisceau a été utilisé pour les mesures de 900 MeV/c à 
1600 MeV/c, avec une cible de cuivre de (10 x 1.5 x 1.5) em. 

L’intensité des x analysés était de l’ordre de 200 x* et 100 77 pour 10% pro- 
tons dans la machine. 

La cible à hydrogène, de longueur utile égale à 40 cm, représentée dans 
la Fig. 3, a été décrite ailleurs (7). Une cible témoin, identique à la première, 
permettait de mesurer l’effet cible vide et de surveiller le bon fonctionnement 
de l’appareillage électronique. 
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= 


À Mylar : 16,56 mg/cm? 
Fluide moteur >| Vanne de pression de vidange et de purge 


Bulbe de 


| niveau maxi 
ro] Oa 


Vanne pneumatigu 
P q e Ha tig 1 
Bulbe 4) securite 


Pressionderemplissage | |_ Bulbe de fond Echappement | .| | Bulbes 
Styrofoam 20 rm Styrofoam 20 mm 


Pression de refoulement 


= + 


Detendeur 


Siphon / Inox 0.6 mm 
He | Cu 0.6 mm 
Bois 10 
J 


Fig. 3. — Cible à hydrogène liquide. 


La direction des 7 à l’entrée de la cible est définie à +0.5° par un téle- 


scope de 3 ou 4 scintillateurs. Le dernier scintillateur du télescope, Sa est 


(€) P. PRUGNE, M. Marquer et M. Boucon: Onde El., 39, 612 (1959). 


n 
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placé a 47 cm du centre de la cible; il a un diamétre de 6 cm; son épaisseur 
(3 mm) a été choisie assez petite pour diminuer l’effet d’absorption sans hydro- 
gène (effet cible vide). 

La cible est vue sous un angle de 6° par un scintillateur S; de 15 cm de 
diamètre placé à 72 cm du centre. 

Dans le Tableau I nous donnons les caractéristiques des compteurs utilisés. 


TABLEAU I. — Disposition et caractéristiques des compteurs. 
rer Gr x = = a Sai 
| Dist Dimensions des | 
| Dénomination à la “cible FN ER | Observation 
du compteur | (m) = TR ME) | 
| diamétre | épaisseur 
Ss 6.42 12 0.8 
Sa — 1.47 | 6 0.6 faisceau 
Si — 0.47 | 6 0.3 | no. 1 
| S; 12072 15 | 1 
| CA _ 9.77 12 1.2 
S — 7.65 12 1.2 faisceau 
S3 | — 1.47 6 0.6 no. 2 
Sa Meo, 6 0.3 
S; | + 0.72 15 1 
| 


Le schéma de principe de l’appareillage électronique est donné dans la 
Fig. 4. 


Fig. 4. — Appareillage élec- 


tronique. CO: cible; R: boîtes PA I 
à retard; 0,, C,, 03: circuits dA __ Seuil D, 
de coïncidence; D,, Dz, Ds: = SONS = SHG, 


discriminateurs; G: coinci- 


dence lente; Æ,, >, Hs: 
échelles rapides (0.1 us); Ay: oe 


comptage des 7 incidents; DE 
E,: comptage des 7 transmis; 1294 
E,: échelle de contrôle; E,: pEr = 
échelle des coincidences for- E Gi 
4 2 i 
tuites; #: top de la machine; snai =. D> 12345 | 
g: générateur de porte; I: {9&5 < 0 
impulsion de coincidence 1, Len D3 
Oe A CA 
È 14 - Il Nuovo Cimento. 
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Les scintillateurs du télescope détectant les x incidents sont connectés à 
un circuit de coïncidence (0). Ce circuit commande l’échelle rapide H, (temps 
de résolution: 0.1 ps). 

Les x transmis sont mis en évidence par une première coïncidence rapide 
(x =10-* s) entre les impulsions provenant de C, et du compteur final. Pour 
les compter on remet en coïncidence les impulsions fournies par les discrimi- 
nateurs rapides D, et D, (°) dans un circuit 
de coincidence supplémentaire G. Cette 
coïncidence à «tout ou rien» certifie que 
chaque particule comptée comme particule 
transmise est certainement comptée comme 
particule incidente. 

Nous avons vérifié que le rendement 
du compteur 5 est supérieur à 0.999. 

Le nombre d'interactions est donné par 
la différence H,— E;. 

Les coincidences fortuites sont mesu- 
rées par C;, circuit identique à C, mais 
qui recoit le signal du compteur 5 avec 
un retard supplémentaire de 5:10*s. 

Dans la mesure des mt la séparation 


10 


0.1 


0.01 r-p était obtenue par temps de vol. Pour 
? 9 
35 40 45x10 s les mesures au dessus de 1 GeV un comp- 
Fig. 5. — Séparation x*-p à 1.6 GeV/e. teur supplémentaire (S,) était placé au mi- 
En abscisse: retard entreles compteurs lieu du mur de protection de la machine. 
extrêmes. En ordonnée: taux de comp- La Fig. 5 montre la séparation 7*-p 
tage du télescope (unité arbitraire). 9 1.6 GeV/e. 
Les échelles sont mises en marche 
électroniqnement par un signal porte synchronisé sur la machine. La durée 


du faisceau était de l’ordre de 60 ms, obtenue par décroissance de l’amplitude 
H.F. de Vaccélérateur. 


3. — Tests de l’impulsion des faisceaux. 


5 : 3 + 

L’impulsion des x en fonction de l'intensité du courant dans l’aimant d’ana- 
lyse a été déterminée par la méthode du fil pour six valeurs différentes du 
courant. 

Dans le faisceau no. 1 nous avons constamment contrôlé la reproductibilité 


du champ magnétique en fonction du courant pour les deux polarités, à l’aide 
d’une jauge à effet Hall. 


(8) J. Muy: Rev. Sci. Instr., 30, 282 (1959). 


214 


MESURE DE LA SECTION EFFICACE TOTALE ETC. 215 


Un blindage magnétique à la sortie de la machine rend négligeable l’effet 
du champ de fuite, assurant la symétrie du faisceau pour les deux polarités. 
Dans le faisceau no. 1 l'énergie des particules a été mesurée directement par 
deux méthodes: 


a) Parcours différentiel dans le cuivre, des protons à l’impulsion nomi- 
nale de 800 MeV/e (Fig. 6), des z+ à celle de 400 (Fig. 7) et 500 MeV/c et des 
tm à 400 MeV/c. 


Ap = 
nti i 30 
(1/N)(AN/dx) MeV/c 
Coi 10" Le 
(1/No)(AN/4x) MeV/c | 
0.4 Fa 
Ax Ù \ 
03 So; È Be Bie 
ro 3A a ig ey 
0.2 a ' ' 
Cu P 1 
01 a 
a ‘o 
III proce SC = si 3 
0 2 cm Cu : ic g cm Cu 


Fig. 6. — Courbe de parcours différentiel 

des protons de 800 MeV/c nominal. En 

abscisse: épaisseur x de cuivre en centi. 

mètres; en ordonnées: fraction (1/N;): 

-(dN/dx) des particules s’arrétant dans 

une tranche de cuivre d’épaisseur 
Ax=4 mm. 


Fig. 7. — Courbe de parcours différentiel 

des xt de 400 MeV/c nominal. En 

abscisse: épaisseur x de cuivre en centi 

mètres; en ordonnée: fraction (1/N;): 

-(dN/dx) des particules disparaissant 

dans une tranche de cuivre d'épaisseur 
INp = sem. 


b) Par la mesure du temps de vol des protons à l'impulsion nominale de 
800 MeV/c (Fig. 8 et 9). 


f Nusa 
| PES I 
I 
| SSS. if L AP 
[Mx € I, lp 
Fig. 8. - Mesure de l'impulsion par temps Fig. 9. — Mesure du temps de vol. l,= 


—718.4 cm; 1,=—1453.9 em; J=l,—l= 

=(735.5+4) em; L=(697 +1) cm; Boapie= 

— 0.675 -+0.003. La relation Bp/Beapie=L/l 
donne 8p=0.640+0.004. 


de vol. F: protons à l'impulsion nominale 
de 800 MeV/e; 1, 2, 3: télescope fixe; 
4: compteur mobile, placé successivement 
en A et en B; N: circuits de comptage. 


10 
i 
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Dans ce cas, pour bien définir la direction des protons du faisceau on uti- 
lise le télescope S,S,83. 

Un compteur indépendant S, est placé successivement dans les posi- 
tions À et B. 

Pour connaître l'instant moyen de passage des protons dans S,, on mesure 
la courbe de retard de S, par rapport à (= DB: 

La fig. 9 montre les courbes de coïncidence obtenues pour les deux posi- 
tions A et B. On a porté en ordonnées le nombre de coincidences N, 334 Tap- 
porté au nombre N;,4 du télescope, et en abscisses le retard dans S,. Le 
barycentre de ces courbes, qui correspond au temps moyen, est défini a 
+ 1071 s. 

Soit J la différence des temps (exprimée en longueur de câble coaxial) et 
L la distance entre les positions A et B. On a B,/Bcsme = Lil. 

Pour éliminer toute erreur systématique, Bin est mesurée avec le même 
dispositif en répètant la mesure avec les x dont la vitesse est suffisamment 
bien connue. 

La valeur obtenue compte tenu de la perte d’énergie dans les scintillateurs 
est de (790 + 10) MeV/c. 

Le Tableau II montre pour le faisceau no. 1 que les différentes mesures 
effectuées sont en accord à +1% avec celles du fil, corrigées de la perte 
d'énergie dans les scintillateurs et dans lair. 


TagLeAau Il. — Résumé sur les mesures de l'impulsion du faisceau no. 1. 
| | | Parcours E ‘ TE 
Parti- | | moyen total peices re yet 2c 
Date | di ictnede toe (erreur De Peut Pa -100 
| cules | équivalent par Più 
| | | cuivre (cm) | probable) le fil 
| | | 
13-3-60 | mt pareours dans le mire | 161.04 400(+1.8 %) | 403.5 | — 0.9 +1.8 
15-5-60 | nt | » I CEI) 513(+1.8 %) | 505 + 1.6 +1.8 
17-7260 | Nr: | ) 163.68 | 402(+1.2 %) | 403 — 0.25+1.2 
17-71-60 | n | ) | 169.75 407(4+1.2 %) | 403 —1.0 +1.2 
11-3-60 | p » 72.92 | 802(+1.2 %) | 800 + 0.3 +1.2 
28-4-60 p » | 72.38 | 800(+0.8 %) | 800 0 +0.8 
15-6-60 p (*) | 73:93 708805 (AO) 9 0 Vo 
15-6-60 | p | temps de vol — 790(+1.25%) | 798 —1.0 +1.25 
(*) Les mesures de parcours dans le cuivre ont été réalisées suivant le schéma de la Fig. 6 
à exception de la mesure du 15+6 dans laquelle la fin de parcours des protons a été déter- 
minée au moyen d’émulsions. i 


Nous avons adopté pour valeur de l’impulsion, celle donnée par la mé- 
thode du fil. 


Dans le faisceau no. 2 nous n’avons utilisé que la méthode du fil. Les me- 
sures de la section efficace, faites dans les deux faisceaux, au voisinage du 
È to) 


Le 
mi 
I 
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troisième maximum, constituent un contrôle de l’étalonnage en impulsion de 
ce faisceau. 


4. — Résultats. 


Dans le Tableau III nous donnons les résultats des mesures des sections 
efficaces totales pour les z+ et dans le Tableau IV ceux pour es as (9) 


TABLEAU III. — Section efficace totale n*-p. 


Sond ee ees 
es 23 AAT Si are | pas contami- autres kath 
ae nation Pis calif) stiques nation | (mb) 
(u-+e)/r %l'élast. | inél. | (mb) | (mb) | | 
376 | 270) 30.7 | 0.75 | 0 0.5 OTO ARI 0.8 | 40.39+1.62 
469 | 2-(*) | 20.5 | 0.51 | 0.04 | 0.5 0.56 0.7 0.6 | 23.47+1.08 
Bor 2) | ‘7.0 ‘| 0:29] 0.104 0.5 0.42 0.5 0.5 | 17.26+0.82 | 
| 626 | 1 (‘) 180. |) 0819. |, 0.164). 0:5 0.40 0.45 vd | Lect bores 
eerie | cll7 | 0:16 | 0.18 "| -0.5 0.39 0.37 0.4 | 14.75-+0.67 
770 | 2 (*) | 9:3 | 0.18 | 0.24 | 0.5 0.39 0.49 | 0.5 | 19.44+0.80 | 
foals ae 8.5 | 0.22 | 0.27 | 0.5 0.34 0.53 0.5 | 21.40+0.81 
838114) | 8.2 | 0.24 | 0.28 | 0.5 0.34 0.57 0.5 | 22.49+0.83 
863 |2(*) | ‘8.1 0.28 | 0.30 | 0.45 0.44 0.55 0.5 | 21.88+0.86 | 
SON |) 68:6 00:22 0270) 10.5 | 0.42 0.36 0.3 | 23.43+0.61 
866 | 2 (**) 7.7 | 0.28 | 0.30 | 0.44 0.41 | 0.46 | 0.4 | 23.87+0.68 
O15) ti) 7.0 | 0.35 | 0.34 | 0.40 | 0.46 0.45 0.5 | 23.12+0.74 
965|2(*)| 6.3 | 0.44 | 0.36 | 0.35 0.45 | 048 | 0.5 | 25.800784 
1012) iy) 945.6 =) 0-60 | 0.40 | 0.34 0.45 | 0.51 | 0.6 | 25.85-+0.84 | 
| 1064 | 1 (**) 5.1 | 0.76 | 0.44 | 0.32 | 0.46 0.54 0.7 | 26.78+0.94 
1114|1(*)| 4.5 | 0.95 | 0.45 | 0.28 0.58 | 0.55 0.8 | 27.51+1.07 
1164|1(*)| 4.2 1.12 | 0.50 | 0.29 0.55 | 0.62 1.0 | 30.65+1.19 
1213  1(“)| 3.7 | 1.42 | 0.53 | 0.37 | 0.60 0.71 1.1 | 35.2741.37 
1263 | 1(*)| 3.4 | 1.63 | 0.56 | 0.47 0.62 0.73 1.3 | 36.64+1.56 
1288 |2(*)| 3.3 |.1.70 | 0.57 | 0.30 | 0.5 0.76 1.3 | 37.37+1.45 
1313|3(*) 3.1 1.79 | 0.59 | 0.29 | 0.37 0.74 13 astrali 
13364) 2) | 3:11 1.88 | 0.61 | 0.26 0.55 0.78 1.4 | 37.65+1.54 | 
dacia) 2995 0.634 0.23) 10-55, | 0.72 1.4 | 36.16+1.56 
PA AE NES) 2.9 | 2.03 | 0.66 | 0.19 0.48 0.74 | 15 | 36.53 41.60 
1462, 2(*)| 2.6 | 2.00 |: 0.70,4,.0.10 0.51 | 0.68 | 15 | 34104159 
(*) Mesures dans le faisceau no. 1. 


(**) Mesures dans le faisceau no. 2. 
(*) Dans la publication (6) des résultats partiels, une erreur de l’ordre de 1% a 
été commise sur l’énergie des x*, et les corrections géométriques avaient été caleulées 
différemment d’après le travail de STERNHEIMER (°). 
(9) R. M. STERNHEIMER: Phys. Rev., 101, 384 (1956). 
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TaBLEAU IV. — Section efficace totale n-p. 
| Corrections Erreurs 
N.bre|- TRA RTLA ; 
Tr, | de | contami- a a ated statis- | contami. | autres pere 
(MeV), me- | Sion CERTA, tiques | nation (mb) | 
SITO eben %| giast. | ingl. RA ad te | 
wad È à le as à see — | EAT 
315 Bi) || ess 0.12 | 0.24 | 0.50 | 0.9 029 O25 | 28.81+1.4 
426 | 1 (‘) 28 0.15 | 0.24 | 0.50 1.0 0.9 0.5 29.4441.4 
468 | 2 () 25 0.20 | 0.26 | 0.50 0.64 0.9 Oro 29.96+1.2 
518 | 2 () 20 0.33 | 0.30 | 0:50 sy | DIX) 0.5 34.98 +1.3 
DOT) 2G) | S 0.53 | 0.33 | 0.50 27 ILS 0.5 44.82+1.9 | 
COR 0.62 | 0.35 | 0.50 0.82 1.4 0.6 | 45.0741.7 | 
604 | 1 (*) | 16 0.63 | 0.36 | 0.50 DE 1.4 0.6 45.74+1.8 
HUG | ALG) 0 0622807050 0.84 | 1.4 | 0.6 | 45.29+1.7 
Co LO 0.53 | 0.40 | 0.50 Wiese | 8} DST 44.47 +92.2 
665 | 2 (*) | 14 | 0.50 | 0.42 | 0.50 UE | TD 1 07 39.16 + 1.4 
9) 240) RI 0.50 | 0.50 | 0.50 ORIO | Oe | 0.8 | 34.90+1.5 
PAO NL (ie) | T9 0.62 | 0.55 | 0.50 0.94 | 09 | 0.9 37.43 +1.6 
| TERMINANT 0.80 | 0.58 | 0.£0 1.48 | 0.9 0.9 37.38 +2.0 
STONE) 10 1.30 | 0.60 | 0.50 0.990 ) “Le 1.0 | 48.20+1.9 
840 | 1 (*) 9.5 167 |) 0:56, 0:50 1.17 | 14 1.1 55.13 +2.1 
868 4.1 (*) | 01-0000 240 "00 EN NES ER 59.22 +2.4 
890 | I (*) 9.5 2.05 | 0.48 | 0.50 12260 let 122 58.46 +2.2 
918 | 1 (*) | 9.0 | 2.00 | 0.48 | 0.50 es nn UE 1e? 55.02 +2.4 
943 |1() | 9.0 1.86 | 0.51 | 0.50 LTS 1.3 | 50.67+2.6 
OT2 | AO | 8.5 ey || Ose: | Oss) ios 1e Wee 44.84 +2.2 
1014 | 2 (*) | 8.0 1000/5881 Or50 0.95 | 1.2 1.3 39.54 +2.0 
1076121) 8.0 1.30 | 0.63 | 0.50 | 0.96 tet 1.3 | 35.774-2.0 
1150 | 2 (*) eo Ly |) Ox || Osa) IT Hell 1.2 | 35.52+2.0 
TOT 10.5 1.00 | 0.€0 | 0.50 0.69 | 0.80 0.8 | 40.20+1.22 
816 | 1 (**) 10.1 ell 0:60 | One) 0.86 | 0.92 0.9 46.37 +1.50 
E (A) 9.8 1.46 | 0.57 | 0.50 0.72 0.96 Tit 48.13 41.50 
856 | 1 (**) 9.6 7S Oro 2a O50) 0.78 1.06 1.2 53.32 +1.72 
S660) 11) 9.3 Tee Se Or 0:50 0.90 1.08 12 54.20 +1.79 
| 0 MINES) 8.9 | 2.04 | 0.48 | 0.50 OLSON tes 333 56.76 +1.84 
SUS |) at) (4) 8.4 2.02 | 0.48 | 0.50 0.74 | 1.10 | 1.3 55.17 +1.79 
945 Mela) 7.9 100015240150 0.57 0.96 ile 48.82 +1.63 
965 | 23:(65) 7.6 1790 0.53 (0.50 0.74 LISE 45.70 +1.62 
95M (85) | Mies IRON O65 0750 0.74 0.82 182 41.52 41.53 
1064 | 2 (**) 6.2 1.32 | 0.62 | 0.50 0.50 | 0.92 1.0 36.664 1.30 
TEEN) ME 4.9 1.29 | 0.69 | 0.50 0.74 0.85 1.0 34.45 + 1.32 
1262 | 6) 3.9 | 1.48 | 0.76 | 0:50 0.76 O28 5 | 10 35.72 41.35 
LEG IE 3133 1501 0.830750 0.80 | 0.95 thei 33.48 +-1.41 
COINS) N DET 1.61 | 0.90 | 0.50 | 0.86 lee DOs 2 31.81 41.50 
(*) Mesures dans le faisceau no. 1. 
(**) Mesures dans le faisceau no. 2. 
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La colonne 1 donne l’énergie des x dans le laboratoire compte tenu de la 
perte d’énergie des particules dans les différents matériaux traversés. 

La colonne 2 indique le nombre de mesures indépendantes faites à énergie 
indiquée. 

La section efficace d'absorption brute est donnée par l'expression 


1 


1 re 
(1) 0 raw el! 


(a, — %)(1 + Pr) 
= i 
où N = nombre d’Avogadro = 6.02 :10*° 
d = densité H, liquide = 0.070 6 g/cm* 
I = longueur de la cible = (40.9 + 0.2) em 


E,— E, nombre de particules diffusées 


= : = our la cible pleine 
N E, nombre de particules incidentes È Li Ò 


x 


x, = idem pour la cible vide 


B E, nombre de coincidences fortuites 
EH --nombre de particules incidentes 


Au premier ordre du développement, Vexpression (1) s'écrit: 


il hy + xy ì 
C= aay (eM) (14 => + Br) 


Les coincidences fortuites B,, toujours inférieures 41.1% étaient pratique- 
ment égales dans les mesures faites avec cible pleine et cible vide. Dans les 
calculs nous avons pris la moyenne entre les deux mesures. 

L'effet cible vide «, était faible. Dans toutes les mesures le rapport CALE) 


est resté inférieur à 0.15. 


5. — Corrections. 
Pour obtenir la section efficace totale vraie, nous avons effecté les cor- 
rections suivantes : 


a) Pollution du faisceau en mésons n et électrons. Cette pollution a été 


mesurée à l’aide d’un compteur Gerenkov à gaz. 


La Fig. 10 représente une des mesures effectuées à 800 MeV/c dans le 


faisceau n. 2. Le gaz dans le compteur était du CO,. 


a 
ri 
n 
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Fig. 10. — Mesure de la contamination x-—+e-. Impulsion des x-: 800 MeV/c. Le 


compteur Cerenkov à gaz (CO,) était situé à la place de la cible à hydrogène, entre les 
compteurs 3 et 4. Les points noirs sont les résultats expérimentaux. Les courbes en 
traits interrompus représentent les contributions des diverses composantes du faisceau 
en supposant que chacune doit être voisine de l'intégrale d’une gaussienne. 


Les Fig. 11 et 12 représentent la pollution en fonction de l'énergie du faisceau 
incident, y compris la contribution des y provenant de la désintégration des x 


4 


| A 4, [ it : i î | ; i € i 
500 750 1000 MeV/c 


Fig. 11. — Pollution (u+e)/(r+u—+e) du faisceau no. 1. 
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après Vaimant analyseur. La majorité de ces mésons p n’est pas discernable 
par cette méthode mais peut être calculée. La correction de pollution est 
donnée dans la colonne 3 et l’erreur estimée sur la section efficace provenant 
de l’imprécision de cette correction, dans la colonne 8. 


re 
10%} ZA 


Sic 


I | 1 2! 1 I 1 1 
900 1000 i100 1200 1300 1400 1500 1600 1700 MeV/c 


Fig. 12. — Pollution (u+e)/(r+w+e) du faisceau no. Di. 


b) Correction géométrique. Cette correction, qui tient compte de la dif- 
fusion vers l’avant, a pour expression: 


dN dN 
=e ae Ge A: CANE 


où 702) = 0.035 stéradian, est l’angle solide moyen sous lequel la cible est 
vue par le dernier compteur. 

(AN /dQ),,. est la section efficace différentielle de production de particules 
chargées, dans les processus inélastiques. Pour les z-, nous avons estimé cette 
section efficace d’après les résultats expérimentaux (cf. Tableau V). 

La correction pour les z+ a été calculée en supposant une certaine simi- 
litude entre les interactions inélastiques des 7* et des 77 et en utilisant la section 
efficace totale élastique à 1.1 GeV (19). La section efficace inélastique pour 
cette énergie à été déterminée par différence entre les valeurs des sections effi- 
caces totale et élastique. 

(4N/dQ),, comprend à la fois les x diffusés élastiquement vers Vavant et 
les protons de recul correspondant aux 7 diffusés vers l'arrière. La section 
efficace vers l'avant a été calculée d’après le travail de J. W. CRONIN (#4). 

Ces corrections géométriques, qui pourront être modifiées par l'apport de 
nouveaux résultats expérimentaux, sont données dans les colonnes 4 et 5. 


(10) L. 0. RoeLLIG and D. A. Graser: Phys. Rev. 116, 1001 (1959). 
(11) J. W. Cronin: preprint Palmer Physical Laboratory (Princeton, INCI 
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c) Autres corrections. Nous avons tenu compte d’autres corrections mi- 
neures telles que: 

— Contribution des interactions dans l’air de la cible vide. 

— Pour les r*, effet des coincidences fortuites dues aux protons. Dans 
les mesures à haute énergie, 3% environ des particules incidentes comptées 
provenaient des coïncidences fortuites entre une particule traversant les deux 
premiers compteurs S,S, et un proton du faisceau traversant le compteur S, 
et la cible. La section efficace mesurée a done été corrigée de 0.03 fois la dif- 
férence des sections efficaces respectives des m+ et des protons aux énergies 
correspondantes. 


6. — Discussion des résultats. 
Dans les Fig. 13 et 14 nous donnons en traits pleins nos résultats et en 


pointillé les résultats récents de Berkeley (12). Pour les 77 nous avons aussi 
fait figurer les mesures à basse énergie de PONTECORVO et al. (18). 


60 + 


5013 + Faisceau n°1 


e Faisceau n°2 


40+ + SIE 


30} Zz Se 


BZ 
: fat 
20) LI ee 


0 I I li venti 
0 0.5 1 1.5 2 T+ (Lab) 
GeV 


Fig. 13. — Section efficace totale 7*-p. En trait plein: résultats de Saclay; en trait 


pointillé: résultats de Berkeley (4:12). 


(2) T. J. DEvLIN, B. C. Barisx, W. N. Hess, V. Perez MENDEZ et J. SOLOMON: 
Phys. Rev. Lett., 4, 242 (1960). 


(3) B. PONTECORVO: Kiev Report (1959). 
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Fig. 14. — Section efficace totale x--p. En trait plein: résultats de Saclay; en poin- 
tillé: en dessous de 400 MeV: résultats de PoNTECORVO et al. (18), en dessus de 400 MeV: 
résultats de Berkeley (1). 


L’erreur indiquée représente l’erreur totale. 
La Fig. 15 représente la section efficace pour l’état de spin isotopique TA 


3 Opa) — [o(x Pp) De to(x*p)| . 


Ces figures conduisent aux constatations suivantes: 


a) Pour les x l'énergie et les section efficaces correspondant aux maxima 


sont, d’après nos mesures: 


L 1.8) mb 


[1 


1° maximum: 7_= (605 + 6) MeV Gia = (40-8 
9 Siam 0; 
Faisceau 1 p= (890 9) MeV Gar (09.0 20) mb 


Te 
Faisceau 2 7, = (890 + 9) MeV O44 = (06.8 = 


| 
FT 
it 
CO 
=) 
= 
Di 


Uci 
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Nous retiendrons pour le deuxiéme maximum les valeurs 


T_= (890 + 9) MeV 0,,= (58.0 + 1.8) mb. 


Ces valeurs sont en accord avec les mesures citées (12). 


70 


60 


50 


40, 


05 1 15 2.T-L05 GeV 


Fig. 15. — Section efficace pour l’état de spin isotopique T=1: 


$0 7-4) = [o(r--p) —} o(xt-p)]. 


b) L’énergie du premier maximum exprimé dans le centre de masse 
H* — m, = (573 + 15) MeV, 


concorde avec la valeur obtenue dans les expériences de photoproduction, 
soit E*—m = 570 MeV (5). 


c) Pour les z+ la courbe de la Fig. 15 a été tracée en ne tenant compte 
que des erreurs statistiques; nous pensons que les erreurs dues à l’incertitude 
sur la pollution ne peuvent changer la forme de la courbe (aie 


(*) Note ajoutée à la correction. — Des mesures récentes de la section efficace totale 
m-p, réalisées à Saclay, ont exclu, entre 600 MeV et 1000 MeV, la possibilité d’une 
structure plus prononcée que celle indiquée par la courbe de la His; 
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La discussion de Vorigine des maxima observés exige la connaissance des 
sections efficaces totales élastiques et inélastiques ainsi que des distributions 
angulaires. 

Il nous a paru intéressant de réunir les résultats des expériences de dif- 
fusion x- au dessus de 460 MeV dans le Tableau V. 

Il est possible que certains résultats aient été omis dans ce tableau par 
manque d’information. 

Dans beaucoup de cas, les sections efficaces partielles étaient déduites, dans 
les travaux originaux, de la section efficace totale obtenue par Coon et al. (*), 
par multiplication du rapport de branchement de la voie correspondante. Ces 
valeurs sont reportées sur la même ligne que l'énergie. Sur la ligne du dessous 
nous avons indiqué les valeurs recalculées avec nos valeurs de la section effi- 
cace totale. 

Pour le point 4 915 MeV obtenu dans une expérience utilisant une chambre 
à propane nous avons normalisé la section efficace élastique totale pour obtenir 
une valeur de la section efficace vers l’avant égale à la valeur minimum théo- 
rique déduite par le théoreme optique. On peut montrer (*") que la contri- 
bution à la section efficace différentielle vers l'avant de la partie réelle de lam- 
plitude de diffusion ne représente que quelques pourcents. 

On dépend ainsi, pour la valeur minimum de la section efficace élastique, 
de Vextrapolation vers l’avant. 

Dans l'étude du groupe de Bologne (réf. (7) du Tableau V) cette extrapo- 
lation est faite en ajustant sur la distribution angulaire expérimentale un 
polynôme de la forme Za, cos” 0. 

Nous avons pris la valeur extrapolée correspondant a la distribution en 
cos’ qui semble exprimer de façon satisfaisante les résultats (*). 

Les résultats expérimentaux figurant dans le Tableau V sont reportés: 


— dans la Fig. 16 pour les processus élastiques, 
— dans la Fig. 17 pour les processus inélastiques chargés, 
— dans la Fig. 18 pour les processus neutres. 


On remarque que la section efficace élastique présente deux maximums 
importants aux mêmes énergies que la section efficace totale alors que la section 
inélastique chargée ne semble pas avoir ce comportement. 

En supposant que les maximums observés sont dûs à des états résonants 
dans l’état 7= pour lesquels un déphasage particulier ò,, passe par 90°, 


genre d’extrapolation, il serait nécessaire de con- 


(‘) Pour ne pas dépendre de ce 
des différentes voies inélastiques chargés, neutres 


naitre les rapports de branchement 
et élastiques. Une nouvelle expérience avec une chambre à bulles è hydrogène est 


souhaitable. 
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Fig. 16. — Section efficace totale des” processus élastiques. 
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Fig. 17. — Section efficace totale des processus inélastiques chargés. 


228 


MESURE DE LA SECTION EFFICACE TOTALE ETC. 229 


nous pouvons calculer les valeurs maximums de la section efficace totale cor- 
respondant a une valeur donnée de J. 


=" 
oO 
OI 
e— 
PS 
Ceri 


1 it 1 L | 1 iL = 1 | 1 =e" L a | 


el 
500 1000 1500 2000 Ty, Lab 


Sif 


Fig. 18. — Section efficace totale des processus neutress. 


Ces valeurs sont données dans le Tableau VI. 


Tapteau VI. — Contribution maximum à la section efficace totale x--p d'un état résonnant 
de T=+4 et J donné. 


| n | i | ( Whe DE = — = ee = a 
= A oO 9 { È 
Fab |(10713 cm) ni (mb) D 2 2 9 | 9 
(MeV) | | (mb) (mb) (mb) (mb) (mb) 
605 0.435 2.53 5.95 15.9 31.8 47.6 63.5 _ 
890 0.347 Balen 3.8 10.1 20.3 30.2 40.3 50.4 
| LEGENDE: 
| (Otot rés)max = 3 nh: (J + 3) - 


Dans la 3ème colonne, on a reporté la valeur maximum du paramètre d’impact en unite À 
1.3 GeV [réf. (2), 


calculée avec » = 1.1:107% cm, déduit du scattering de diffraction obtenu à 


Tableau Vi. 


7. — Discussion du maximum à 890 MeV. 


A ce maximum les sections efficaces partielles sont les suivantes : 


7 or 5 7 9 o ~ À 
Oh, 58 mb ; (O 27 mb ’ Oinel. nea 21 mb ? Oneutres = 10 mb 


a 15 - Il Nuovo Cimento. 
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Pour estimer la valeur de la section efficace totale provenant de l’état ré- 
sonnant, on peut soustraire arbitrairement un fond continu non résonnant 
qui ne devrait pas être très différent de la valeur à 1.5 GeV (*). 

On obtient ainsi une section efficace totale pour l’état résonnant, égale à 
30 mb (Fig. 15). 

Pour essayer de déterminer le moment angulaire responsable de cette ré- 
sonance, nous pouvons remarquer que: 


1) La résonance ne peut se faire dans l’état J—+ où J=3 seul, car la 
valeur expérimentale de o, = 30 mb est supérieure aux valeurs maximums 
calculées pour ces états. 

2) La valeur J = À parait exclue du fait que la distribution angulaire 
obtenue par le groupe de Bologne (réf. (7), Tableau V) semble être bien re- 
présentée par un polynôme en cos°0, alors que la valeur i exigerait un poly- 
nome en cos’ 0. 

D’autre part, une résonance dans l’état J == ou plus correspondrait aun 
moment orbital 1>4 ce qui est peu vraisemblable lorsqu’on considère le para- 
mètre d'impact. (cf. Tableau VI). 

Les deux valeurs possibles sont done J — et Je 


[1 
4 


Dans la Fig. 19 on a représenté les sections efficaces en fonction du facteur 


|a(mb ) 
40 
A otrés (J 5 7/2 ) 
Odi rést Techres (J =5/2) 
30 = i 
af Ttot.rés (T=5/2) 
20 — oél.rés + Tech. rés (I = 5/2) 
T'inél.rés. (Y= 7/2) 
10 = ; 
SOI ae Te Erin (IS = 5/2) 
0 05 —> i 
| a= e 29m(8) 
Fig. 19. — Contribution a la section efficace totale 7--p de la résonance de l’une des 


ondes partielles J=2 et 7=1. Les sections efficaces é i 
js partielles 5 etJ=3. Les sections efficaces sont données en fonction de Im (0). 


‘On suppose Re (d)=90°. On a les relations 


(1) amsn as) esp [— 21m (0)]). 
(2) (Ga + Oéch. de charges ) rés = 3700? (J sla 3)(1 sn exp l= 2 Im (d)])? > 
Giot mea Ca rés ul OI de charges res IE O;nél. rés © 


(*) On commet peut-être une erreur par exces, ce fond continu pouvant diminuer 
vers les basses énergies; mais cette erreur est en partie compensée par l’effet de la 


E rad RN Ti R 
queue de la résonance de 605 MeV, dont nous n’avons pas tenu compte dans la sous- 
traction. 


(>) 
cn 
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d'absorption a — exp [— 2 Im dò] (où Im6 désigne la partie imaginaire du dé- 
phasage 4,,). Si l’on admet pour la section efficace totale résonnante la valeur 
expérimentale de 30 mb, on constate que pour la valeur J == la contribution 
de la résonance à la section efficace inélastique est petite, alors que pour J =f 
elle est égale & 7.5 mb. 

Or, les Fig. 17 et 18 montrent que la section efficace inélastique ne subit 
pas d’augmentation de l’ordre de grandeur de 7 mb au passage de la réso- 
nance (*). 

Ces constatations suggérent que le J résonnant égale 3 et que, par con- 
séquent, cette résonance est un processus principalement élastique, en consi- 
dérant comme processus élastiques les réactions (77-p> 7 -p) et (7 -p — TN). 

L'étude de la distribution angulaire à 915 MeV (Fig. 20) est également 
compatible avec la valeur J CE et semble montrer une contribution impor- 
tante des ondes D et F. En effet, il est nécessaire d’admettre un grand terme 
de spin-flip provenant de l’onde Y pour rendre compte du maximum de la 
distribution angulaire à cos 9 —— 0.75 et, d’autre part, de supposer une forte 
influence de l’onde D pour expliquer la forme de la distribution angulaire vers 
l’avant (réf. 7 et 8, Tableau V). 

La Fig. 20 représente les distributions angulaires au voisinage de la ré- 


915 MeV 


; smite acs re del Si a fore 
Fig. 20. — Distributions angulaires 7 -p au volsmage de la 3° résonance. Pour les 


références, cf. Tableau V. 


(*) Du fait que la section efficace neutre est de l’ordre de 10 mb et qu’elle doit inclure 
une forte proportion d’échange de charge, il est peu vraisemblable que la section efli- 
cace inélastique neutre contribue pour une grande part a cette variation. 


a 
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sonance. Elle montre que le pic a cost =—0.75 passe par un maximum à 
l'énergie de la résonance. ; 

Ce fait suggère alors que Ponde qui résonne, est l’onde I’ 5. 

Ceci serait en accord avec les interprétations préliminaires tirées de la pho- 


toproduction (148). 


8. — Discussion du maximum à 605 MeV. 


Les Fig. 16 et 17 suggèrent pour cette résonance un comportement des 
sections efficaces élastiques et inélastiques analogue a celui discuté pour la 
résonance à 890 MeV. 

La valeur de la section efficace totale au maximum (o= (45.8 + 1.8) mb) 
est compatible avec l'existence d’un état résonnant de moment angulaire J=3 
et de spin isotopique T— 4 dont l'existence a été déduite des expériences de 
photoproduction (14). PEIERLS a émis l'hypothèse que la parité orbitale des 
cet état était positive et que l’onde résonnante était done D 3. 

L'analyse en déphasage de la distribution angulaire de la diffusion élastique 
r--p à 600 MeV (5) ainsi que la mesure de la polarisation du proton de recul 
dans la réaction y+p —m+p (1) sont compatibles avec cette interprétation. 

Cependant, des arguments récents montrent qu’on ne peut exclure de ma- 
nière définitive l’état P 2 (1). 
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Misure della sezione d’urto totale per z*-p e m-p per assorbimento in idro- 
geno liquido con un fascio di energia nota entro +1% e con un AP/P totale di —1.8%. 
Le energie ed i valori delle sezioni d’urto ai massimi sono 


To Lr (6054-60) Mer, Oro = (45.8-4-1.8) mb, 
Tr = (890+ 9) MeV, Cio = (58.0+1.8) mb, 
mt: Trap = (1830+30) MeV, Otot = (38.0 +2.0) mb. 


Compilazione dei risultati relativi alle sezioni d’urto elastiche ed anelastiche otte- 
nuti con altre tecniche sperimentali nella prossimità della seconda e della terza riso- 
nanza del x. Discussione della seconda e della terza risonanza. 


(*) Traduzione a cura della Redazione. 
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Nuclear Magnetic Relaxation in Colloidal Solutions. 


G. Bonera, L. Curopr, G. Lanzi and A. RIGAMONTI 


Istituto di Fisica dell’Università - Pavia 


(ricevuto il 28 Giugno 1960) 


Summary. — Nuclear relaxation times 7, and 7, have been measured 
for solutions of isinglass and silica gel in water. Furthermore we have 
researched the presence of more than one longitudinal relaxation times 
in these solutions. Thus some informations about the lifetime of water 
molecules in the absorbed phases are obtained. 


1. - Introduction. 


ZIMMERMANN and BRITTIN (1), KAMrvosHI (2) and WINKLER (*) have re- 
cently studied the behaviour of very small quantities of adsorbed water on 
silica gel or alumina regarding nuclear relaxation. Generally for adsorbed 
water these authors have found values of 7, and T, several times less than 
those of ordinary water. Particularly ZIMMERMAN and Brirrrn have observed 
in very small quantities of water adsorbed on silica gel two transversal re- 
laxation times, which can be attributed to the existence of more than one 
layer of adsorbed water; in these conditions an appreciable difference can be 
observed only between the relaxation times relative to the first monomolecular 
layer and those relative to other layers. 

The purpose of this work is to study the behaviour of some colloidal solu- 
tions regarding nuclear relaxation. The systems we have investigated are 
solutions in water of organic gelatins (isinglass) and silica gel. 


(2) J. R. Zimmerman and W. E. BrirtIn: Journ. Phys. Chem., 61, 1328 (1957). 
(2) M. K. Hamiyosnr: Journ. Phys. Rad., 20, 60 (1959). 
(3) H. Winxzer: Arch. des Sci., 12, fasc. spéc., 161 (1959). 
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The system we have studied are different from those investigated by other 
authors being constituted of solutions in water in which water is always in 
remarkable quantities. In fact in our systems the weight concentration of 
gel is never greater than 45%. Consequently the relaxation times we have 
measured are much greater than those measured by ZIMMERMAN amd BRITTIN. 
Thus we can obtain some informations about the lifetime of water molecules 
in the adsorbed phases, 

The methods we have used in the measurement of relaxation times 7, 
and 7, have been already described (#5). Furthermore we have searched for 
the presence of more than one longitudinal relaxation times with an already 
described experimental technique (°). 


2. — Experimental results. 


For solutions in water of isinglass at 18 °C the law with which the longi- 
tudinal component of the nuclear magnetization reaches the equilibrium value 
turns out to be, within experimental errors, exponential as far as concentrations 
about 20%. For greater concen- 


trations of isinglass we could ob- 0 0102 03 0.4 0.5 
serve a deviation of this law from Time t ins 


the exponential form; such de- 
viation is already remarkable for 
concentrations of 30% (see Fig. 1). 

The values of 7, and 7, we 
obtained for concentrations of isin- 
glass under 20% are plotted in 


Bio. 2 
For silica gel solutions we have 
searched the for possible presence Fig. 1. — In 3(1— M(t)/M,) versus ¢ for a 
of more than one longitudinal re- water solution of isinglass whose concentration 
: 4 Le) 


' ; ays 0A is 30%. 
laxation time only in the range 


of concentrations between 25% 
and 45%. In this range experimental results point out that, within experi- 
mental errors, only a longitudinal relaxation time is present. 


(4) G. Curarotri, G. CRISTIANI, L. GiuLorto and G. Lanzi: Nuovo Cimento, 12, 


) 
519 (1954). n " : 

5) G. BoNERA, L. CHIODI, L. GruLorto and G. LANZI: Nuovo Cimento, 14, 119 (1959). 
6) G. BonERA, L. CHIODI, G. Lanzi and A. RIGAMONTI: Nuovo Cimento, 17, 


198 (1960). 
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uclear magnetization for concentrations above 45% varies too rapidly 
in order that an accurate research of its variation law can be performed with our 
experimental device. It is yet probable that even in the case of silica gel 


solutions with rather strong concen- 


trations, more than one relaxation time NS 
be present. o.6t 3 
\ 
AS r ¢ 
3r 
\ 04! 
al AS 


| SI Dal 
Aa 


è 
5 =f > Ji ae > 
0 En ME 20 30 is 40 % 
wel ht 3 ACE weight of silica gel 
weight oFisinglass + weight of water weight of silica + weight of water 
Fig.2.- 7, and 7, versus concentration Fig. 3.— 7, and 7, versus concentration 
of isinglass. of silica gel. 


In Fig. 3 we have plotted the results we have obtained for relaxation times 
in water solutions of silica gel at 18 °C at concentrations between 25% and 45%. 


3. — Discussion. 


In order to explain the behaviour of colloidal solutions regarding nuclear 
magnetic relaxation we must think that water molecules may be more or less 
strictly bound to the particles of colloid. We can therefore consider these 
solutions as multiphase systems; every phase has a different law for the va- 
riation with time of the local magnetic field. In such systems the i-th phase, 
which corresponds to a particular layer of water molecules, is characterized 
by a longitudinal relaxation time 7, and a transversal relaxation time MEA 
Because the water molecules jump continually from phase to ‘phase the lon- 
gitudinal and transversal relaxation time of a water proton will be random 
variable taking on the values 7,; and 7,,. 

Let « be the part of the nuclear magnetization due to a single proton ; 
we suppose that the longitudinal and transversal components of 4 vary with 
continuity. If we consider e.g. the longitudinal component and if w, is the 
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equilibrium value of the magnetization due to a single proton we may write 


=i ru 


If the lifetime of a proton in every phase is small compared with ¢, then 
1/7',(t) is a function of time which fluctuates very rapidly. The value of the 
integral is then equal to the mean value of this function time t. Let 1/7, be 
the mean value of the function 1/7,(t), then 


Ho — blé) = (Ho — :(0)) exp 


1 Ps 
oe T, 3 


À 


P, being the fraction of protons present in the i-th phase. 

We can conclude that when the exchange is very rapid with respect to ¢ 
then the law for the relaxation of the longitudinal component of nuclear mag- 
netization is still exponential and the longitudinal relaxation time we measure 
is given by (1), i.e. 1/7, is the weighted average of the reciprocals of the re- 
laxation times in the various phases (*). This means that if we find an ex- 
ponential variation of the nuclear magnetization in a multiphase system then 
the exchange is rapid with respect to t, i.e. practically respect to the relax- 
ation time we measure. For the case of transverse relaxation time, if the 
exchange is rapid we have in the same way 


i! IP 
Tan 


i 


v 
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It is now possible, from the examination of our experimental results to give 
a more extensive interpretation of nuclear magnetic relaxation in solutions 
of isinglass in water at various concentrations. Because the concentration of 
the isinglass is relatively small and because the signals due to the particles 
in suspension are wide and therefore of little amplitude, the values we have 
found for 7, and 7, can be p ‘actically attributed to the water protons and 
not to those of the isinglass. 

As shown in Fig. 2 both T; and T, are smaller than the nuclear relaxation 
times of pure water and decrease with the increase of concentration. These 
results could be foreseen; in fact when the concentration increases then the 
population of the phases in which the water molecules are more strictly bound 


(*) ZIMMERMAN and BrIrtIN (1) obtain the same results studying multiphase 
svstems with the stochastic theory of Kubo. 
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increases and therefore in (1) and (2) the statistical weight of the smallest 
relaxation times increases. 

We want then to point out that the values of 7, are less than those Ole: 
and that the ratio 7,/7, increases with concentration. This can be explained 
assuming that there are phases in which the water molecules are so strictly 
bound that their correlation time is large enough to cause 7, to be less than 71; 
furthermore the statistical weight of these phases increases with concentration 
and consequently we can expect a corresponding increase of the ratio EE 

For the case of silica gel we can conclude that in the range of concentra- 
tions we have investigated, the condition of rapid exchange between water 
molecules is verified. Also for these solutions we find that 7, and 7, decrease 
with the increase of the concentration of gel and that the ratio 77/7, increases 
with concentration. 


The authors are indebted to Professor L. GIULOTTO for his assistence and 
for his very useful suggestions. 

The authors also wish to express their gratefulness to the Consiglio Nazio- 
nale delle Ricerche, for its grant, and to the Office, Chief of Research and 
Development, U.S. Department of Army, who has sponsored in part this work 
through its European Office. 


RIASSUN TO 


| Sono stati misurati i tempi di rilassamento nucleare 7, e T, per soluzioni in acqua 
di colla di pesce e gel di silice. È stata inoltre ricercata la presenza di più tempi di 
rilassamento longitudinali in queste soluzioni. Si sono così ottenute aleune informa- 
zioni sui tempi di vita delle molecole d’acqua nelle fasi adsorbite. 
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Nuclear Potential for the K'-Meson. 


tT. G. Lim and S. J. BOSGRA 


Natuurkundig Laboratorium, Universiteit van Amsterdam - Amsterdam 


(ricevuto il 18 Luglio 1960) 


Summary. — The data of K*-mesons elastically scattered by complex 
nuclei in G-5 nuclear emulsion have been analyzed. Only small angles 
in the energy region of (40 +80) MeV were considered. The phase shift 
optical model analysis has been applied, using the W.K.B.J. approx- 
imation for the evaluation of phase shifts. The calculations are based 
on the assumption that the elastic nuclear scattering potential may be 
approximated by a real square model. The magnitude is estimated to 
be (21-45) MeV, if in the relation of the nuclear radius R = 74%, 
r,=1.2-10-18 em, and it is (17-45) MeV, if r—1-4: 10% em. 


4, — Introduction. 


The experimental data analysed in this paper are obtained from the same 
sample of K*-meson tracks, mentioned in the previous report (*). We only 
analysed the elastic scattering data of K*-mesons which are elastically de- 
flected at small angles, in the energy region of (40-80) MeV. In the small 
angle region we namely expect the interference between the Coulomb and the 
nuclear scattering to be strong. 

For the nuclear potential, instead of a complex model with an edge which 
gradually drops off, we adopt a real square model in all our computations of the 
cross-sections. Some reasons for the use of this model have been given ear- 
lier (2). A computation of the transparency of nuclear matter with respect 
to K-mesons shows that this quantity is rather high in the energy region 


considered (Sect. 2). 


(1) T. G. Lim and P. G. vAN BREEMEN: Nuovo Cimento, 17, 887 (1960). 
(2) T. G. Lim and J. P. VAN DER LINDEN: Nuovo Cimento, 11, 67 (1959). 
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The elastic scattering in the small angle region is described by the scat- 
tering potential V,. This potential consists of a real square model nuclear 
potential, F, superposed on the Coulomb potential V,. The Coulomb po- 
tential is assumed to be due to a homogeneous charge distribution. The nu- 
clear radius, À, is assumed to satisfy the relation R= n A? We further as 
sume that the magnitude of V,, i.e. V, does not depend on the nuclear mass. 


Thus we have: 


AV LYRE 2 > 

Ve=V+5n(3—(5) J) for r< R, 
(1.1) ti; 

ee = for r=/R 


2. — Transparency of the nuclei. 


The relation between the transparency ¢ of nuclear matter to the mean 
free path of inelastic scattering 4, is given by (2.1) (?), 


. I i E RT) 
(2.1) mi (+) ex = ale 


with: 2; = 47/340, where R is the nuclear radius which satisfies the re- 
lation R=yr,A* (A: mass number); 


o: weighted average of the collision cross-section of the impinging 
particle with the nucleon (*). In our specific case, where we consider 
K°-meson scattering, ¢ means the weighted average of the K~-meson- 
nucleon collision cross-section. 


By substituting an experimental value of G in (2.1), and computing thus 
the value of t, we may obtain an idea of the transparency of the emulsion nuclei 
with respect to the K*-meson (in the energy region concerned). For & = 4 mb, 
a typical experimental value for the K*-meson kinetic energy region of 
(40-120) MeV (4), we find that the average value of the transparency of ©, 
Ag, Br, and O is ~ 0.8. This result gives an indication that the nuclear 
matter is very transparent with respect to K*-mesons. 


(*) B. Rossi: High Energy Particles (New York, 1952), p- 360. 

(") « = (Zo, + (A—Z)o,)/A, with Z: number of protons; A: mass number: 
0,(0,): cross section of the collision with protons (neutrons). 

(*) B. BHowmix, D. Evans, S. Niusson, D. J. Prowsr, F. ANDERSON, D. KEEFE, 
A. KERNAN and J. Losty: Nuovo Cimento, 6, 440 (1958) 
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3. — Computation. 


The differential cross-sections for the elastic scattering have been com- 
puted by the method of partial waves, and the phase shifts have been evaluated 
in the W.K.B.J. approximation (5). For the computation of the theoretical 
differential cross-sections we used the ARMAC electronic computer of the Mathe- 
matisch Centrum of Amsterdam. The correctness of the program has been 
carefully checked at many stages of the computation (*). 

For the determination of the sign of V, as well as the magnitude of it, we 
analysed the elastic scattering data of the energy region of (40--80) MeV. 
The experimental points are then compared with the theoretical values, com- 
puted for E. = 60 MeV. 


the > Se Ot We. 


To decide on the sign of V, two types of the resultant (da/dw) = f(Ÿ) 
curves have been computed. In one type, the constructive interference be- 
tween the Coulomb and the nuclear scattering amplitude is considered, while 
in the other type we consider the destructive interference between the two 
scattering amplitudes. : 

The resultant curves are obtained by the superposition of four component- 
curves: (do/dw);= f;(9), with è = Ag, Br, 0, O. A closer study of the com- 
ponent curves gives us an insight how the resultant curve is built up. 
In Fig. 1 and 2 these component curves are shown. They have been com- 
puted in the centre of mass system for the following parameters: £, (kinetic 
energy of the K*-meson): 60 MeV, 7 =1.2:10- em, V=—10 MeV (Fig. 1), 
and V=+20 MeV (Fig. 2). The negative value of V corresponds to an at- 
tractive nuclear potential (destructive interference), and the positive value of 
V corresponds to a repulsive one (constructive interference). 

The resultant curves (do/dw) = f(Ÿ) are obtained from the relation 


(4.1) (do/dæw) = > «(do/do); , 
where x is the relative frequency of the element. Die From Fig. 1 


and 2 we see that the resultant cürves (Fig. 3) reflect the general behaviour 


(5) G. Costa and G. PATERGNANI: Nuovo Cimento, 5, 448 (1957). 
(6) P. M. MORSE and H. FesuBacH (New York, 1953), p. 1011. 
AR Grou ELE Thesis (Amsterdam). 
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Fig. 1. — (de/dw),=f,(0); 1=Ag, Br, C, 0: Hig. 2. — (do/dw),—=7,(0); «=Ag, Br, C, O- 
Ex=60 MeV, r,=1.2-10-2 em, Ex= 60 MeV, n= 1.2-10-1 em, 
V=—10 MeV. Destructive interference. V= +20 MeV. Constructive interference. 
. 10° i 
of the component curves in the angle 
n: AE È 5 
region of interest. 
As far as the sign is concerned, from 
Fig. 3 we deduce that the experimental 10°} 4 
points follow the curve computed for apie 4 
the repulsive nuclear potential rather ü 
than that of the attractive potential. ros E 


This was also indicated when using the 


Born approximation (1). Repulsive 


uclear a 


Attractive : 
nuclear potential | 


o 
Differential cross section 


His, 3. (dodo) D a (do/dw),. 
V — — 10 MeV, V = + 20 Mey. 
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5. — Value of V. 


To illustrate how the resultant curves (do/dw) = f(%) vary with the para- 
meter V (V> 0), in Fig. 4 we draw the resultant curves for some values of V, 
viz. V—10, 15 and 20 MeV. The kinetic energy H,—60 MeV, and 
— 1.2-10-!* em. The computations have been 
done for the centre of mass system. 

The twisting character of the bunch of 
curves show resemblance with the curves, as 


hy = 


DA 
5. 21.2 x10 cm 4 

computed by MELKANOFF et al. (5). These 

authors used a more complicated model for jg 

the nuclear potential and examined a higher 5 


kinetic energy region (H, = (100 --150) MeV). 
The best fit value of V to the experimental 10 
results is obtained by minimizing the ex- 5 
pression 


È (do ED), 2e (da/d@ }an,: | Bil 
DJ) = 1 ir i 
(4 2 0 È L A(do/ do) i J . 


where (do/do)..., 
differential cross-section, (da/da),, is the ave- 
rage theoretical differential cross-section, ob- 
tained by the rule of Simpson, computed for 
each interval (i—14°, i-+14°), and A(do/do),.., 10°L al 
3 : > ach Nar te OP 0 208 30° 40°. SOSIA 05 
is the experimental standard deviation. 


> d has been calculated for several values Fig. 4. — (do/d@w)=f(?) curves for 
the c.m. system. V=10, 15, and 


of Vv with Z,=60 MeV, using ™=1.2-10°“ em 20 MeV, for the curves I, II, and 


is the average experimental 


(Sa) 
= 


o 
Differential cross section 


A angle 


in one set of computations, and using 7 = III respectively. Ex = 60 MeV, 
: e = 1.2-10-13 em. 
-- 1.4:10-18 em in another set of computa- Fo 


tions (see ref. (?)). The best fit of the theo- 
retical curve to the experimental data is found by determining the minimum 
value of Sd’, obtained by interpolation. 


We Ta find V= (21 +5) MeV, for 7 = 1.2 10-2 em, For 75 = 4105 cma. 
this minimum value is shifted to a lower value of V, viz. (17 +5) MeV. 
This value is in good agreement With that found by HoanG et al. (*). The 
errors given are estimated from the statistical spread of the experimental 


(8) M. A. MeLKaNOFF, 0. R. PRICE, D. H. Stork and H. K. Ticno: Phys. Rev., 


113, 1303 (1959). | 
(9) T. F. Hoane, M. F. KAPLON and R. CesteR: Phys. Rev., 107, 1698 (1957). 
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cross-sections, and coincide reasonably with the values as computed according 
to the convention adopted by MELKANOFF et al. (8). These values of V~ lie 
within the range of values found by various groups of investigators using 
nuclear emulsion, and who examined the K*-meson scattering up to a kinetic 
energy of ~ 150 MeV (#14). 
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Si sono analizzati i dati sui mesoni K* in scattering elastico su nuclei complessi 
in emulsioni nucleari G-5. Si sono considerati solo piccoli angoli nel campo di energie 
(40-80) MeV. Si è applicata l’analisi degli spostamenti di fase del modello ottico, 
usando l’approssimazione di W.K.B.J. per la valutazione degli spostamenti di fase. 
I calcoli sono basati sull'ipotesi che il potenziale di scattering nucleare elastico può 
essere approssimato con un modello quadrato reale. Si stima che la grandezza sia 
(21--5) MeV, se nella relazione del raggio nucleare si ha R=n43, r,=—1.2:10-1 cm, 
e (1745) MeV, se r,=1.4-10- cm. 


(*) Traduzione a cura della Redazione, 
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Scattering of »-Mesons. 


KR. L. SEN Gupta, 8. GHosH, A. ACHARYA, M. M. Biswas and K. K. Roy 


Physical Laboratory, Presidence College - Calcutta 


(ricevuto il 9 Agosto 1960) 


Summary. — The scattering of p-mesons is investigated by means of a rec- 
tangular cloud chamber with copper and lead plates placed alternately inside 
the chamber. u-mesons after traversing thick layers of iron and lead ab- 
sorber placed above and below the chamber are made to stop in 7.6 em of 
iron layer by an anticoincidence method. The momenta of the scattered 
u-mesons are thus well-defined in the region of (1.18 + .05) GeV/c. 
The observed angular distribution coincides with the point-charge model 
of the nucleus given by MoLIÈRF in the case of lead, and in the case of 
copper the distribution is just above the Molière curve. 


1. — Introduction. 


For the last few years various theoretical and experimental investigations 
about u-meson-nucleon interactions have greatly contributed in determining 
the nuclear structure and its charge distribution. Several experiments (*°) 
involving measurements of scattering of high-energy cosmic ray u-mesons of 
different momentum ranges through finite thicknesses of matter have shown that 
there exists an anomalously large excess of scattering of u-mesons compared 
to the expected value, calculated on the basis of the «solid » nucleus theory. 

The above observations, however, are in contradiction to the fact that 
u-mesons are very weakly coupled to the nucleons. The weak coupling of u-me- 


(1) W. L. Werremore and R. P. Suurr: Phys. Rev., 88, 1312 (1952). 
E. P. George, J. L. Reppine and P. T. TRENT: Proc. Phys. Soc., A 66, 


. B. McDrarmin: Phil. Mag., 45, 933 (1954); 46, 177 (1955). 


) 

o . 

) B. LeontIc and A. W. WoLFENDALE: Phil. Mag., 44, 1101 (1953). 

yt 16 | iu 

) M. L. T. KANNANGARA and G.S. SRIKANTIA: Phil. Mag., 44, 1091 (1958). 
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sons with nucleons is proved by the existence of u-mesons at a great depth 
underground and the absence of direct production of single u-mesons in acce- 
lerator experiments in the laboratory. The electromagnetic character of the 
u-meson as «heavy electron » is also established (°). 

Again HOFSTADTER et al. (78), Pipp, HAMMER and RAKA (°) as well as FITCH 
and RAINWATER (1°), CooPER and HENLY (1!) as to their y-mesonic X-ray ex- 
periments, interpreted the results of their experiments on high energy elec- 
tron scattering in terms of electromagnetic interactions of singly charged 
particles with finite extension of the nucleus of smaller radius than the 
value previously accepted. This smaller value of nuclear radius alone is not | 
sufficient to explain the «anomalous» component of the above-mentioned 
u-meson scattering experiments, indicating clearly a contradiction between the 
theories (12:13) and the experimental facts. 

There has also appeared recently a contradiction between groups of inves- 
tigators in their experimental findings about the «anomalous » scattering. 
AMALDI and FIDECARO (14) in their experiment on u-meson scattering in lead 
and iron observed no «anomalous » scattering. Recently FUKUI, KITAMURA 
and WATASE (15) have reported that in their experiment with delayed coinci- 
dence their experimental results do not support the existence of anomalous 
scattering in the energy region near 1 GeV. 

In u-meson scattering experiments in which comparison between the ob- 
served distribution of scattering angles and the expected distribution based 
on the theories (1213) of electromagnetic scattering is made, beam contami- 
nation by nuclear-reacting particles such as m-mesons, protons ete., should be 
avoided. Again, since the electromagnetic scattering is very sensitive to the 
energy of the particles scattered, the energy of the particles recorded for anal- 
ysis must be well defined. So u-meson scattering experiments with direct 
measurement of the energy of the particles and with a mono-energetic beam are 
expected to yield more accurate and reliable results than those making in- 


(6) T. Corrin, R. L. GARWIN, S. PENMAN, L. M. LEDERMAN and A. M. Sacus: 
Ss. 


Phys. Rev., 109, 973 (1958). 

(7) R. Horstaprer, H. R. FercHER and J. A. McIntyre: Phys. Rev., 91, 422 
(1953). 

(8) R. Horstaprer, H. R. FeTtcHER and J. A. McIntyre: Phys. Rev., 92, 978 
(1953). | 

(*) R. W. Pipp, C. L. Hammer and E. C. RAKA: Phys. Rev., 92, 436 (1953). 

(10 


(10) V. L. Frrcx and J. RAINWATER: Phys. Rev., 92, 789 (1953). 

(11) L. N. Cooper and E. M. HenLy: Phys. Rev., 91, 480 (1953); 92, 801 (1953). 
(12) G. MoLIbRE: Zetts. f. Naturf., 2a, 133 (1947); 3a, 78 (1948). 

(13) 5. OLBERT: Phys. Rev., 87, 319 (1952). 

(15) E. AmaLpi and G. Fipecaro: Nuovo Cimento, 7, 535 (1950). 

(15) S. Fuxur, T. Kiramura and Y. Warasr: Phys. Rev., 113, 315 (1959). 
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direct measurement of the energy of the particles having a spectral distri- 
bution of momentum. 

In consideration of the above facts we have carried out the present exper- 
iment with particular attention to the estimation of the energy of the y-meson 
beam, the momentum of the incident beam being (1.18 + .05) GeV/c. 


2. — Experimental arrangement. 


The cloud chamber used for the present experiment contains three lead 
plates and four copper plates, each of thickness 1.27 cm, the lead and copper 
plates being placed alternately inside it. The effective volume of the chamber 
is 14in.x14in.x5in. The chamber is triggered by a 


u-meson stopped in a layer of iron of thickness 7.6 em ce 
by an arrangement of fourfold coincidence and twofold | | 
anticoincidence counter trays as shown schematically | RON | 
in Fig. 1. The use of the twofold anticoincidence is | 
found to avoid completely any possible uncertainty in 6 
the stopping of the u-mesons, which fact has been check- Cy 
ed from time to time during the progress of the exper- <a 
iment. An iron absorber 1 m thick is placed above the a ee 
chamber in order to absorb highly nuclear-interacting vpi? a 
components of the incident cosmic-ray beam. Before | LEAD | 


the u-meson is stopped it has to traverse an absorber 
of 43 cm of lead and 38 cm of iron below the chamber, 
so that the u-meson has a momentum above 1 130 MeV/c. 
The stopping layer of 7.6 cm of iron is placed between Ca common 
the lowermost coincidence counter tray (C,) and anti- (180! 
coincidence counter trays, and the mesons recorded in AC 
the experiment have momenta lying between 1130 MeV/c Fig. 1. - Schematic 
and 1230 MeV/c. diagram for experi- 
The maximum angle of acceptance from the centre of mental arrangement. 
the top of the chamber is 12° in the experiment. Measu- 
rements of scattering angles are made for the central five plates (3 lead plates 
and 2 copper plates), the extreme ones being excluded due to distortions of 
the tracks in the uppermost and the lowermost compartments. Angles are mea- 
sured by means of a microscope provided with a rotating stage having gra- 


duations reading up to .05°. 


3. — Results and discussions. 


aversals in lead plates and 550 traversals in copper 


In this experiment 702 tr 
the conditions stated in the previous section. 


plates have been analysed under 
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In order to calculate the « noise-level » scattering high-energy coincidence tracks 
(coincidence between 2nd, 3rd and 4th counter trays) have been selected at 
random. A histogram is plotted with r.m.s. angles of scattering against number 
of the particles. From the peak value in the distribution of the r.m.s. angles 
the value of the « noise-level » scattering is calculated by the usual method (*) 
from the relation 

6. ew [(n — 1)/n]o? 


n(most probable) 


the notations carrying usual significances. The « noise-level » scattering is found 
to be 0.808 degree, the values of 0, and n being 0.7 degree and 5 respectively. 


oO, 


Dos 


1 
nN 


= 
Probabity for scattering angle to be greater À => 


Probabity for scattering angle to be greater than @—> 


I I ea hi e e ZA) 10° 
D EPP PEER Tor 


SN LR TS eee en ee if || 
01282", 314350 I 
6 in degrees —> 


8 in degrees — 
Fig. 2. — Integral scattering distribution 


Fig. 3. — Integral scattering distribution 
for copper. 


for lead. 


The distributions of the observed angles of scattering in lead and copper 
plates are compared with the theoretical expected distributions based on Mo- 
liére’s « point » nucleus and Olbert’s «solid » nucleus theories 
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The differential distribution f,,(p9) for Molière’s theory has been corrected 
for the « noise-level » scattering incurred in the experiment in order to com- 
pare directly between the expected and observed distributions. However, the 
above correction is not applied in the case of Olbert’s, the observed distribution 
being much above Olbert’s distribution. The corrected Molière distribution is 
of the form 


+ © 


d(p " 
(P È |) exp 


(27) 0 


Jy(PIo) PO) = 


—o 


The integral distributions of scattering angles were then calculated from 
the above differential distributions and plotted in Fig. 2 and 3 for copper and 
lead respectively. The curves show comparison between the observed distri- 
butions and the distributions calculated following Moliére’s and Olbert’s theo- 
ries. The experimental points are plotted by dots with statistical fluctuations. 

For both the materials (lead and copper) our results indicate that the ob- 
served distributions are reasonably in agreement with that of Molière, at least 
up to 5°. This fact indicates that the scattering of u-mesons having an average 
momentum of 1.18 GeV/e follows Moliére’s theory of Coulomb scattering for 

« point » nuclei. 


This work was jointly supported financially by the Government of West 
Bengal and the Ministry of Scientific Research and Cultural Affairs, Govern- 
ment of India. 


RIASSUNTO (*) 


Si è analizzato lo scattering dei mesoni y con una camera a nebbia rettangolare 
con piastre di rame e piombo poste alternate nell'interno della camera. I mesoni pv. 
dopo aver attraversato grossi spessori di assorbitori di ferro e piombo posti sopra e 
sotto la camera vengono arrestati in uno spessore di ferro di 7.6 em col metodo della 
anticoincidenza. Le quantità di moto dei mesoni y di scattering sono così ben definite 
e comprese nella regione di (1.18 + .05) GeV/c. La distribuzione angolare osservata 
nel caso del piombo coincide con il modello a carica puntiforme del nucleo dato da 
MoriÈèRe, mentre nel caso del rame la distribuzione è appena al di sopra della curva 
di Molière. 


(*) Traduzione a cura della Redazione. 
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Bremsstrahlung Spectrum 
of the 1000 MeV Electronsynchrotron at Frascati. 


G. DIAMBRINI 


O.N.R.N., Laboratori Nazionali - Frascati 


A. S. FIGUERA (*), B. RispoLI (*) and A. SERRA 


O.N.R.N., Divisione Hlettronica - Roma 


(ricevuto il 26 Agosto 1960) 


Summary. — The final results of some measurements on angular distri- 
bution and on Bremsstrahlung spectrum of the y-ray beam of the Frascati 
electronsynchrotron are given. The experimental results of angular distri- 
bution for thick target fit with Schiff’s theoretical angular distribution. 
We find, on the contrary, a difference between theory and experiments 
for thin target and this can be explained by multiple crosses through 
the target of the accelerated electrons. For the spectrum shape, comparing 
the experimental results with Bethe and Heitler’s theory, we have that 
for thin target the experimental points are in fair agreement with 
the theoretical previsions while for thick target we find a difference in 
the high energy range and we see that this difference can be explained 
by many different reasons. 


1. — Introduction. 


In this paper definite results (1) about the bremsstrahlung spectrum of 
the 1000 MeV Frascati electronsynchrotron by using different targets and 
collimators are given. 


(*) At present: Physics Department, University of Maryland. 

(*) Comitato Nazionale per le Ricerche Nucleari and Istituto di Fisica dell’ Uni- 
versita di Roma. 

(') The first results were given in Nuovo Cimento, 15, 500 (1960). 
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The subject of this experiment is to give a contribution to the under- 
standing of the electronsynchrotron beam production mechanism, and to get 
useful results for research in photoproduction when using photons of an energy 
near to the upper limit of the spectrum. 

Because the spectrum shape of the y-ray beam depends essentially on the 
effective target thickness, on the collimation, on the energetic distribution of 
primary electrons and on possible multiple crossings through the target, it is 
necessary to determine the effective thickness of the targets in use, and the 
transmission factors of the collimators. So the angular distribution of the beam 
intensity for two different thicknesses of target are studied and the results, 
shown in Section 2, are compared with the theoretical angular distribution. 

The experimental apparatus used for the bremsstrahlung spectrum meas- 
urements has been described in Section 8. 

In Section 4 are given the spectra obtained by using 0.13 and 0.013 rl. 
target thickness and, for each one of these, two collimators with acceptance 
angles of 3.6 and 0.75 mrad respectively. 

In order that this paper may be useful to those wishing to measure spectrum 
with other similar accelerators there are some mathematical explanations in 
the Appendix. 


2. — Beam angular distribution. 


The experimental arrangement for the beam angular distribution measure- 
ment is shown in Fig. 1, where: 


a n = 
MT BM a 
| | 


Shield à | 


livio dba Experimental arrangement for angular distribution measurements. 
(Distances are given in millimeters). 


fis is the electronsynchrotron tantalum target; 
M is an ionization chamber with thin aluminium walls and with electrodes 
of total thickness of PU Vice eal 


bo 
Ou 
bo 
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C is a lead collimator (collimators with hole diameters of 5 mm and 2 mm 
corresponding to angular openings 0.47 and 0.19 mrad respectively, were 
used) ; 


BM is a «sweep» magnet in the gap of which there is a field of about 15 kG 
able to sweep aside all charged particles travelling with the beam; 


Q is a total absorption chamber of the type described by WILSON (?). 


The distance of 2m between BM and Q ensures that any charged particles 
travelling with the beam and being deflected by BM, will not impinge upon 
the chamber Q and affect the ionization measurements. The collimator C and 
the chamber Q are placed on movable bases which can be moved azimuthally 
about the centre 7. 

The chamber M, crossed by the whole beam, has been used in order to be 
able to refer to the same charge m, the measurements taken at several angles. 
Charges q collected in Q by the beam portion crossing C, and charges m col- 
lected in M, are measured by integrators connected to ionization chambers. 

The angular distribution of beam intensity defined by 


is obtained by moving the collimator C and the chamber Q about the centre 7 
at an angle 9. By following this method, measurements in steps of 0.5 mrad 
were made with tantalum targets of 0.5 and 0.05 mm in thickness respectively 
equal to 0.13 and 0.013 r.l. Each measurement has been repeated at least 
four times. 

The measurements with 0.13 r.l. target were made with a 5 mm hole col- 
limator €, 7.e. with a 0.47 mrad angular opening and by taking as charge unity 
Del RC). 

The experimental results are shown in Fig. 2 together with the theo- 
retical angular distribution, computed by using Schiff's formula (8) 

I(0)  Ei(—02/2px) 
IR PE Où 


where Hi is the exponential integral function (4), f is a function depending 
on the energy Æ (expressed in units of me?) of the electrons striking the target 


?) R. R. WiLson: Nucl. Instr., 1, 101 (1957). 
(*) L. I. Scurrr: Phys. Rev., 70, 87 (1946). 
(*) E. JANKE and F. Empr: Tables of Functions (New York, 1945). 
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Ot 
1 
—] 
bo 


and on the target material and thickness æ (expressed in cm), C= 0. 
is the Euler constant. 


te 
To = 
| | 
| | — 
| il 
| | 
RA : = + io ces = 
SO ele te 3 =2 ail 0 | 2 3 4 5 6 
9 (mrad) 
Fig. 2. — Angular distribution. — Schiff theoretical angular distribution for 0.13 r.l. 
target; ——— Schiff theoretical angular distribution for 0.156 r.l. target; + experi- 


mental points for 0.13 r.l. target. 


The continuous curve refers to the 0.5 mm (0.13 r.l.) thick target while the 
dashed curve was calculated for the 0.6 mm (0.156 r.l.) thick target to take 
into account that the target is inclined at approxymately 30° to the direction 
of the electron beam, making the effective target thickness 0.6mm. So it 
was confirmed that the thickness contributing to the radiation is in effect the 
true thickness. 

The 0.013 r.l. target measurements were made by using a collimator © 
having a 2 mm diameter hole i.e. a 0.19 mrad angular opening, taking as charge 
unity m= 4-10? C. The experimental results are shown in Fig. 3 together 
with the Schiff theo- 
retical distribution, cal- & re] T ico 4 | 2 | 
culated for a 0.05 mm Lo 
(0.013 r.1.) target thick- 


Fig. 3. — Angular distri- 
bution. —— Schiff theo- 
retical angular distribu- 
tion for 0.013 r.l. target; 
-__ Schiff theoretical 
angular distribution for 
0.039 r.l. target; + ex- 
perimental points for 
0.013 r.l. target. 


4 5 
8(mrad) 
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ness as shown by the continuous curve. It can be seen that there is a discre- 
pancy between theoretical curve and experimental results which fit the 
theoretical distribution (dashed curve) calculated for a 0.15 mm (0.039 £21.) 
target thickness. 

It can be deduced then that the target has an effective thickness, contri- 
buting to the radiation, greater than the actual thickness. 

This phenomenon can be explained qualitatively (5) by examining the effect 
of multiple crossings of electrons through the target. In fact if we consider 
only the ionization energy losses, about 100 keV, for each crossing of the 
target, and as the width of the target is 4.5 mm, electrons can only cross the 
target three times before attaining a new orbital equilibrium. 

This gives the same effect as electrons crossing once a target of three times 
the actual target thickness. 


3. — Experimental apparatus used for the bremsstrahlung spectrum measurements. 


The experimental arrangement for the bremsstrahlung spectrum deter- 
mination is shown in Fig. 4 where: 


10600 156 1700 | 188 |815| 3000 
i È ai prati 


| 
| 
| 
| 


Mo Tx ny e arr: , Pan È 

Fig. 4. - Experimental arrangement for bremsstrahlung spectrum measurements. 
(Distances are given in millimeters). 

fi is the tantalum target (with a thickness: s, = 0.13 or s, — 0.013 r.l.) of 


the electronsynchrotron ; 
( is a lead collimator 30 cm in lenght. Two collimators were used, one 
having a central hole diameter of 38 mm giving an accepted angle of 
9 7. € N AP 73 y : 3 
3.6 mrad, and the other having a central hole diameter of 8 mm, giving 
Di : =) 
an acceptance angle of 0.75 mrad; 


(?) A correct quantitative explanation requires the study of very low energy 
photon losses. ì | “i 


a 
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BM is the «sweep» magnet, in the gap of which there is a field of 15 kG; 


G is a tube evacuated to a pressure of 0.03 mm Hg which is connected at 
one end to the chamber of the spectrometer; 

S is an electron pair spectrometer (°); 

È is the spectrometer radiator, made of an aluminium dise 6 cm in dia- 


meter and 1.08:10-? r.l. thick; 
() is a monitor formed by a total absorption quantameter (*); 


WA. Ae and B,, B,, Bi are two scintillation counter telescopes placed so 
that they can detect only the symmetric pairs of electrons. 


The beam, collimated by C, enters the tube G after being «cleaned » by 
the sweep magnet, then it is completely absorbed by the monitor Q after crossing 
the radiator R in which the electron pairs are produced. 

The input of the vacuum tube G and the output end of the vacuum chamber 
of the spectrometer are sealed with 0.2 mm thick mylar foil. 

The counter telescopes detect the symmetric pairs having an energy E 
function of field B in the spectrometer gap. The energy A of the y-ray pro- 
ducing pair is given by K = 2E neglecting the rest mass of the two electrons. 

The energy selection 1s obtained by changing the magnetic field value in 
the spectrometer gap from 0.5 to 10.5kG. In this manner the two counter 
telescopes, that are in a fixed position, can detect the electron symmetric pairs 
in the energy range from 25 MeV to 525 MeV. So it is possible to examine 
the full spectrum of y-rays. 

In order to determine the position of the telescopes, the electron trajectories 
were determined by means of an electronic computer and controlled exper- 
imentally by the floating wire technique. 

The spectrometer magnet current supply had a stability of + 0.1 per cent. 
The electron trajectories were determined with a precision of + 0.3 per cent 
The spectrometer is previously calibrated by determining the behaviour of the 
field intensity as function of the magnet current. For any value of the mag- 
netic field there is a determined electron energy for the electrons crossing the 
two telescopes. So it is possible to express the electron energy as a function 
of the magnet current. 

The current is measured with a precision of 0.1 per cent by a comparison 
method using a precision potentiometer and a standard cell. 

As the width of the first counter of each telescope is 18 mm, by the spectro- 
meter opties (5) the percentage interval of the energy accepted by the telescopes 
AE/E = 2.7 per cent is obtained. The successive counter dimensions of each 


(6) G. BozoGNA, G. DIAMBRINI, À. 8. FicueRA, U. PELLEGRINI, B. RispoLi, A. SERRA 
and R. Toscxi: Internal note no. 17 of Laboratori Nazionali di Frascati (Sept. 28, 1959) 
to be published in Nucl. Instr. and Methods. 
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telescope were increased in order to avoid counting losses due to the electron 
scattering. The first scintillator height is 54mm. All the scintillators are of 
1mm plastic. 

Fig. 5 shows the block diagram of the electronic apparatus used for the 
bremsstrahlung spectrum measurements. 


Fig. 5. — Electronics block diagram. 


The photomultiplier anodes of the three counters of each telescope are 
connected to a three-fold coincidence circuit C, with a resolution time of 
t=6ns. The outputs of the two three-fold coincidences C, go to two two-fold 
coincidence circuits 0, with t=10 ns directly to the first, and to the second 
through a delay DL of 50 ns. 

The two-fold coincidences are followed by a discriminator and a scaler. 
It is possible to record simultaneously the prompt S,, and delayed coinci- 
dence Sy. 

Knowing the delayed coincidence it is possible to calculate true coinci- 
dences due to symmetric pairs produced in the aluminium radiator by making 
the difference S = S,,— Sac—B, where B= B,—B, is the difference between 
the prompt and delayed coincidences when the spectrometer radiator R is 
removed. 

Measurements of the difference S as a function of the electron energy were 
made by varying the magnet current and by referring each measurement to 
the same charge g= 3:10-5 0 collected in the monitor which corresponds 
to about 1.4-10 equivalent quanta crossing the radiator R. The measurements 
for each energy were repeated several times in order to have a statistical error 
of less than 1 per cent. 

This was possible without prolonging the measurement time in view of the 


electronsynchrotron’s high beam intensity. Even when a collimator of 0.75 mrad 
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bo 
Qt 


is used an average intensity of 6-10° equivalent quanta per minute is obtained 
after the collimator. 

The y-beam intensity was maintained, during the measurement, at a level 
(below the maximum in the case of a 3.6 mrad collimator) so that also for the 
low energy range of the spectrum, the ratio 7 = S;,/S was less than 5 per cent. 
In fact because of the high resolution power of the coincidence circuits the 
maximum contribution to chance coincidences is given by the coincidences 
due to two asymmetric pairs, each one of these having an electron of energy 
equal to E. 

The ratio between spurious coincidences and true coincidences is given by 


Re LE 
n= srl.) 


where 7 is the resolution time of the coincidence circuit, 7 is the length of 
the pulse of the electrosynchrotron y-ray beam, na is the maximum energy 
of photons, Æ is the electron energy and 


Be SAA 
Y= DasN. 3 ; 


where: @,, is total cross section for the production of pairs; s is the thick- 
ness in rl. of the electronsynchrotron target; N, is the number of primary elec- 
trons striking the target; A is the Avogadro number; o is the density (g/em*) 
of the spectrometer radiator; Y is the spectrometer radiator thickness (cm); 
P is the spectrometer radiator atomic weight. 

Then it can be seen that 7 is maximum when the energy is low and it is 
directly proportional to the intensity Ns/T of the y-ray beam. 


| = 075 mrad 

| = collimator 

NS N 3.6 mrad 
\ collimator 


8 ERA) 


we, (Go = Diagram of the transmission factors of the collimators. 
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The 8mm collimator (angular opening 0.75 mrad) has a transmission factor 
of 1.3 per cent and 3.2 per cent using respectively 0.13 and 0.013 r.l. targets. 

The 38 mm collimator (angular opening 3.6 mrad) has transmission factors 
of 20 per cent with the 0.13 target and of 42.5 per cent with the 0.013 r.l. 
target. 

The transmission factors defined by the ratio between the transmitted 
intensity and the incident intensity were calculated by the experimental an- 
gular distributions shown in Fig. 6. 


4, — Experimental results of the bremsstrahlung spectrum measurements. 


Let us define now the function «intensity of the bremsstrahlung » /(w) 
given by 


(1) Iu) = KN(K) = 1 


where u= K/H), E,= 1000 MeV maximum energy of primary electrons and 
N(K) is the number of photons having energy K = wk). 

Monitor Q gives an integral information of the energy transmitted by the 
beam by collecting the electric charge 


Bo 
Gay AN oe. 


0 


corresponding to q/q* MeV of irradiated energy, q* = 2.07-10-1° C/MeV being 
a characteristic constant of the instrument. 
The number S = Sp, Sax —B of symmetric pairs of electrons is given by 


S = N(K)AKr st 
Z a (E 


= 


Op (1,5) + 64 (x, 3) eu 
where: 6,(K, 4) and o,(K, 4) are respectively the cross-sections of the pro- 
duction of symmetric pairs in the field of the nucleus corrected for the Born 
approximation (75) and in the field of the electron (*); » is the number of 
atoms per cm? of spectrometer radiator; AH = AK/2 is the energy spread of 
electrons accepted by the scintillators. 


(7) H. Berne and W. HeITLER: Proc. Roy. Soc., A 146, 83 (1934). 
(8) H. Davies, H. A. BerHE and L. C. Maximon: Phys. Rev., 93, 788 (1934). 
(°) J. A. WHEELER and W. E. LAMB: Phys. Rev., 55, 858 (1939); 101, 1836 (1956). 
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From the expressions (1) and (2) we can obtain 


2q*E, SN 


er rl A Be à 


so that 
Ta Sn On Ko; 3) Si 0;(Ko, 3) 
TS, ofa He OK, 8) 


| 
| 
4 
0 Meso me 0s 04. 050) 06, 07, 0k” 209 ti 
E,=1000 Mev us 
Eo 
Fig. 7. — Bremsstrahlung spectrum of 0.013 rl. target and 0.75 mrad collimator. 
Theoretical (BetHE and SALPETER); —"—"— theoretical, corrected for the scat- 
tering in the radiator and for the vertical dimension of the scintillators; .——— theor- 


etical, corrected for the resolution function of the detecting apparatus. 


In Fig. 7, 8, 9 are shown the experimental results of the ratio I,/Io with 
the statistical error (less than 1 per cent) as function of u=K/E,, by assum- 
ing K,=700 MeV. These experimental results were compared with the theo- 
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retical behaviour (continuous curve) given by the expression: 


b(u) poni Kon + Ou) : 


1 


JK (On + Où) du 


0 


which is the value of the intensity of the bremsstrahlung normalized at the 
unit area. In this expression 6, and o,, are respectively the cross-sections for 
bremsstrahlung in the field of the nucleus corrected for the Born approx- 
imation (71°) and in the field of the electron (°). 


b(u) 


0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 08 09 1 11 
Ey =1000 Mev us 
Eo 
Fig. 8. — Bremsstrahlung spectrum of 0.013 7.1. target and 3.6 mrad collimator. 
—— Theoretical (BETHE and SALPETER); --—.— theoretical, corrected for the scat- 
tering in the radiator and for the vertical dimension of the scintillators; —-- theor- 
etical, corrected for the resolution function of the detecting apparatus. 


The dashed curve that departs from the continuous curve in the low energy 
range of photons was obtained by subtracting from the theoretical curve the 
counting losses due to the scattering of electrons in the radiator and to the 
vertical dimension of the scintillators (see Appendix). 


(1°) H. OLSEN: Phys. Rev., 99, 1335 (1955). 
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The dashed curve shown in the range of the high energy spectrum, is ob- 
tained by averaging the theoretical curve on the triangular resolution of the 
detecting apparatus. 


b(u) 


i 
= ai = =. 
0 01 0.2 03 0.4 0.5 06 07 08 0.9 1 11 
a 
Eo=:1000 MeV era 
Fig. 9. — Bremsstrahlung spectrum of 0.18 r.l. target and 3.6 mrad collimator. 
—— Theoretical (BETHE and SALPETER); —-—-- theoretical, corrected for the scat- 
tering in the radiator and for the vertical dimension of the scintillators; —-—.— theor- 


etical, corrected for the resolution function of the detecting apparatus. 


One can see how the experimental results fit within the limits of 2 per cent 
with the theoretical curve in Fig. 7 corresponding to the 0.013 r.l. target and 
to a collimator with a transmission factor of 3.2 per cent while they do not 
fit when a collimator with a transmission factor of 42.5 per cent is used (Fig. 8), 
and they move even further away when a 0.13 r.l. target with a collimator 
transmission factor of 20 per cent are used (Fig. 9). Another series of meas- 
urements made with a 0.13 target and a transmission factor of 1.3 per cent (not 
shown) are equal (within the experimental tolerance) to the results shown 
in Hig. 9. 

This discrepancy in the high energies range is principally due to: 


a) the electrons crossing target may irradiate a high energy photon 
after irradiating one ore more of very low energy because of the 


target thickness; 


17 - Il Nuovo Cimento. 
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b) the effects of collimation together with scattering in the target; 
c) the energy fluctuations of the electrons striking the target. 


The effect of the target thickness can easily be seen by comparing the 
experimental results, for w> 0.8 shown in Fig. 7 and 8 at the thin target 
with results of Fig. 9 at the thick target. 

For the collimator effects, it can be said that if the beam is collimated 
there are no accepted large angle photons generated which are generally ob- 
tained by electrons that penetrate more deeply before irradiating (the natural 
emission angle of photons is ~ 0.5 mrad). In fact by the examination of the 
data obtained using the same thin target but different collimators, it is pos- 
sible to see (Fig. 7 and 8) that there is a loss of high energy photons using 
collimators with larger acceptance angles; however this effect is negligible 
below a certain value of the acceptance angle of the collimator because of 
the shape of the function J,/J, shown in Fig. 6. 

The effect of point e) contributes less than the others to the deformation 
of the spectrum. 

In conclusion we can see from Fig. 7 that the energy spread of electron- 
synchrontron electrons produces deviations in the high energy range of the 
spectrum less than 2 per cent. 


APPENDIX 


Calculation for determining the counting losses due to vertical deviation scattering 
of electrons in the radiator of the spectrometer. 


If we consider a projection in a vertical plane passing through the axis 
of the y-ray beam, the angular distribution of the electrons which have crossed 
a radiator of thickness 6 is: 


di 101 
P(6) 40 = —— exp - da a ; 
V 2700 à 


where 0,;(16/E)vò and P(0)d0 is the probability that the direction of an 
electron is between 0 and 0 + dé. 

The probability for a positive electron to be generated in d0+ and for 
negative electron in d0- simultaneously is then: 


i (hi 
P(6+, 6-) d9+ dû = 31070 XP | 3 (È | exp | — 
A AC! À ae 


M 0 M 


“ 


-3 =) \10 an, 


If the electrons of a pair are detected by two detectors 2 h in height placed 
at a distance s from the radiator (measured along the trajectory), we can write 
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the probability I(ò,) of detecting an electron pair that has been generated 
at a point of vertical co-ordinate 2 (the origin of the co-ordinate is at the 
center of the radiator) and has passed through a thickness 6 as: 


0 de 05 ar 
tp ol 4) anos 2a 
0; 67 


+, 07, 0°, OF are the limit angles (functions of h and z) accepted by the 
detectors for electron pairs generated at a point of the radiator of co-ordinate 2. 

For the probability of detecting an electron pair emitted from an arbitrary 
point between 0 and 2, which has to pass through the thickness 6 of the 
radiator, we have: 


(A.1) W(ô) =*— 


where N(z) is the probability that the pairs are generated at the height 2. 
We consider N(z) = const because in the first approximation the intensity 
distribution of the y-ray beam on the radiator surface is constant. Let us 
neglect successive integration on the thickness, because of the assumption 
that all electrons do pass through the thickness 0,/2 (in our case we have 
pps 10810720215): 
By these simplifications we may express the relation (A.1) by: 


Zo 


7 On if Oo = -i 


/ 
0 


We can resolve graphically this integral. 
Considering the symmetric pairs only we have 


n fe IO do 0° poi dope 
+= E-=H#H; Où = On = On = 9? Toi. 9 
7 0, da 
di = == a SE 
Then: 
La ps 
I ce, 2) = fe - di, 

2 V 23 2 


that is a tabulated integral. 
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Integrating the equation by KERST and SERBER (1), we can obtain the 
expression of the limit angles as a function of the 2 co-ordinate and of height 
2 h of the detectors (*). We have: 


ee h— Val n 


In this equation V,, is the linear vertical enlargement, that is the ratio 
between the arrival height at the detector and the departure height from the 
radiator of an electron which has at the beginning a zero angle with the 
spectrometer axis. The quantity V,, is the ratio between the arrival height 
at the detector and the departure angle at the radiator projected on the ver- 
tical plane passing through the spectrometer axis, of an electron that leaves 
the centre of the radiator. 

The quantities Vi, Vi, were determined by using the floating wire tech- 
nique. We obtain the values: 


6,,. =[+11.61— 0.30-2] mrad . 


Then for each value of 2 we have the two integration limits for the in- 
tegral: I(6o/2, 2). 


(11) D. W. Kersr and R. SERBER: Phys. Rev., 60, 53 (1941). 


RIASSUNTO 


Vengono dati i risultati finali di una serie di misure sulla distribuzione angolare 
e sullo spettro di bremsstrahlung dell’elettrosinerotrone di Frascati. I risultati speri- 
mentali di distribuzione angolare per un convertitore spesso coincidono con la distri- 
buzione teorica di Schiff mentre per un convertitore sottile si ha una discrepanza che 
può essere spiegata come effetto di attraversamenti multipli del convertitore del sin- 
crotrone da parte degli elettroni accelerati. Per la forma dello spettro, dal confronto 
dei dati sperimentali con l’andamento previsto da Bethe e Heitler si ha che per con- 
vertitore sottile l’andamento sperimentale coincide abbastanza bene con l'andamento 
teorico mentre con convertitore spesso si nota una discrepanza nella regione ad alta 
energia, discrepanza che si vede può essere dovuta a diverse cause. 
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Direct Pair Production by High Energy Muons (’). 


J. F. GAEBLER, W. E. Hazen and A. Z. HENDEL 


The University of Michigan - Ann Arbor, Mich. 


(ricevuto il 27 Agosto 1960) 


Summary. — A multiplate cloud chamber was operated 1032 ft under- 
gound to study electromagnetic interactions of fast cosmic ray muons. 
222 electron showers were observed. A histogram was obtained for trans- 
ferred energies from 30 to 3000 MeV. The showers are primarily due to 
direct pair production and knock-on processes. The results indicate that 
there is agreement with knock-on theory but that the direct pair pro- 
duction cross section is about % that predicted by the Murota-Ueda- 
Tanaka theory. 


1. — Introduction. 


When a charged particle passes through matter, electron showers are pro- 
duced by three types of electromagnetic interactions: the knock-on process, 
bremsstrahlung, and direct pair production. The first two are believed to be 
well understood since there is good agreement between theory and experimental 
results. As for pair production, recent theoretical papers (1) have eliminated 
some of the earlier disagreement between theories. Most of the experiments 
on direct pair production have been made with electron primaries in nuclear 
emulsions. Muon primaries have several advantages: For electron primaries, 
bremsstrahlung is the dominant process and bremsstrahlung followed by con- 


(*) Assisted by a grant from the Horace H. Rackham School of Graduate Studies 
of The University of Michigan and the joint program of the Office of Naval Research 
and the Atomic Energy Commission. 

(1) M. M. BLOCK, D. T. Kine and W. W. Wapa: Phys. Rev., 96, 1627 (1954). 

(2) T. MuroTA, A. UEDA and H. TANAKA: Progr. Theor. Phys., 16, 482 (1956). 
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version of the photon cannot easily be distinguished from a direct pair. For 
muon primaries this difficulty does not exist since bramsstrahlung is negligible. 
For high energy muons, pair production also dominates knock-on processes. 
Furthermore, some of the approximations introduced in the theory of direct 
pair production are believed to be better justified for muon primaries, which 
are therefore well suited to compare theory and experiment. ROE and OZAKI (8) 
have done the only experiment with muon primaries in a cloud chamber. Their 
paper gives an excellent recent review of both pair-production theory and 
experiments. 

In the present experiment, electron showers produced by the high-energy 
muon component of cosmic rays underground were observed and interpreted 
in terms of electromagnetic interactions of muons. 


2. — Experiment. 


A cloud chamber with a sensitive volume of (25 X 80 X 60) em was set up 
in a salt mine 1032 ft. below the surface of the ground. The chamber con- 
tained twelve 1/8 in. lead plates, each with two .02 in. aluminum plates for 
better light reflection. It was triggered by coincidence of Geiger-Muller counter 
trays above and below the chamber. Thus most of the pictures show single 
energetic particles traversing the chamber. The pictures were scanned for 
electron showers produced by these particles. 

In order to be taken into account, a picture had to contain one penetrating 
particle, distinctly visible in all 13 intervals in both stereoscopic views. Pic- 
tures with more than one penetrating particle entering the chamber were dis- 
carded, as it was assumed that these particles were produced in a nuclear 
interaction and were therefore not muons. However, a particle entering the 
chamber accompanied by what appeared to be a low-energy knock-on electron 
produced in the roof of the chamber was allowed. Pictures in which the pe- 
netrating particle missed the defining counters were alse discarded. 2329 pic- 
tures were thus selected. Showers of three or more tracks produced in one 
of the first 8 plates were recorded as events. There were 222 such events. 
The number of tracks of each event in each interval between plates was re- 
corded, Tracks at an angle larger than 60° with the primary were not re- 
corded, nor were apparently «reflected » (back scattered) electrons. Some- 
times the number of tracks had to be estimated from ionization, especially 
in dense showers and in the first intervals of an energetic shower, where the 
opening angle is too small for a clear separation of the tracks. As approximately 
10 % of the pictures have events, some pictures should contain 2 or more 


(*) B. P. Roz and 8. Ozaxi: Phys. Rev., 116, 1022 (1959). 
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events. Only one such double event was recognized, since two showers will 
sometimes not be clearly separated. It was therefore necessary to make the 
following correction: To the number of events of a given number N of tracks, 
we add a correction for unresolved coincidence of a shower of N tracks with 
another shower and we subtract the expected coincidences of 2 smaller showers 
that add up to N tracks. This correction increases the number of events 
by, DAY: 


3. — Energy of the showers. 


In order to compare the results with theory it is necessary to find the number 
of events as a function of the energy of the showers. This will be done in two 
steps: 1) an energy will be associated with each event, and 2) the number 
of events in a chosen energy interval will be determined. 

Wilson’s Monte Carlo calculations (1) provide a good estimate of the aver- 
age number of tracks produced by a shower of given energy in a cloud chamber. 
To apply Wilson’s curves the following features were taken into account. 


a) Although we reject showers starting in the bottom four plates, about 
30 % of the showers are not completely contained in the chamber, part of 
their energy being dissipated below the last visible interval. Wilson’s shower 
curves were then cut-off at the last interval. 


b) The number of tracks is only given in Wilson’s paper for photon- 
initiated showers and for electron-initiated showers. Part of our showers are 
produced by knock-on electrons, others by electron pairs, but for any par- 
ticular shower there is no unambiguous distinction between the two processes. 
However, most knock-on showers have only one track below the first plate 
whereas most pair showers have two or more tracks (see Section 5). This was 
taken into account and the effect of the remaining uncertainty is small. A 
further distinction was made between photon-initiated showers and those pro- 
duced by direct pairs: at higher energies, theory (42) predicts a less equal 
division of energy between the two electrons for direct pairs than for photons. 


c) The energy is a function of the amount of material traversed per plate. 
This was calculated to be the thickness of the plate plus 10 °%% to account for 


inclined electron tracks. 


Since an energy has now been assigned to each shower, we can construct 
a histogram of the number of events vs. assigned energies. However, there is 
not a unique correspondence between number of tracks and energy. In order 


(4) R. R. Wirson: Phys. Rev., 86, 261 (1952). 
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to find the corresponding correction, the distribution of track numbers vs. 
energy was found from a sheaf of Wilson’s history graphs (5). This distribu- 
tion is symmetrical, it varies little with energy, and it can be approximated 
by a Gaussian distribution with an average standard deviation of 21 %. This 
deviation folded into the shower energy spectrum leads to a correction of +2%. 

Logarithmic energy intervals of 
Hy+21 % were chosen for the display 
of the data in order to facilitate vis- 
ualization of possible uncertainties. 
Fig. 1 gives the histogram of the 
number of showers vs. energy of the 
shower. The error flags are standard 
deviations of the statistical uncer- 
tainties. The theoretical curves in 
Fig. 1 will be discussed in the next 


paragraph. 


1 


Number of showers 


Fig. 1. — Number of showers vs. shower 
' energy. Observed and predicted numbers 
of showers are compared for logarithmic 
energy intervals indicated by the vertical 
lines at the bottom of the figure. A, total predicted number of events; 0, predicted 
number of knock-on events; D, predicted number of bremsstrahlung events; B, total pre- 
dicted number of events, assuming only 4 the Murota cross-section for direct pair 
production as used in curve A. The error flags on the experimental points are sta- 
tistical standard deviations. 


1 1 


i. fie lt 
10 100 1000 
Shower energy, MeV 


4, — Theory. 


Equations for both bremsstrahlung and knock-on probabilities are given 
in Rossr's book (6). These probabilities are largely independent of the energy 
of the primary. MUROTA et al. (27) derived an equation for the direct pair 
production cross-section and Rok (5) evaluated and integrated this equation. 
Since this cross-section is a function of the energy of the primary, it is neces- 
sary to take into account the energy spectrum of the muons in our experiment. 
This spectrum was calculated from depth-intensity measurements for depths 


R. R. WILson: private communication. 

B. Rossi: High Energy Particles (New York, 1952) 

T. Murora and A. UEDA: Progr. Theor. Phys., 16, 497 (1957). 
B. P. Roz: Thesis (Cornell University, 1959). 
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greater than that of the mine and the corresponding range-energy relation. 
BARRETT et al. (°) measured the muon intensity at a depth of 1574 m.w.e. 
Their paper also summarizes depth-intensity data and furthermore gives an 
approximate equation for range 

vs. energy for fast mesons. The 100 <a as 
resulting integral energy spectrum 


for the present experiment is given 
in Fig. 2. With this spectrum 
folded into Murota’s theory, the 


N(E) in % 


10 tH 
expected number of pairs in chosen 
logarithmic energy intervals was 
calculated (*). 
Fig. 1 shows the calculated 1 
number of pairs, knock-on and 10° 10° 10" 10° 


M ioe! Energy, eV 

bremsstrahlung events as a func- 

Pio. 2.- Integral energy spectrum at 860 m w.e. 
g g gy SÌ 


below the top of the atmosphere. Calculated 
from intensity-depth data and range-energy 
events, curve € and D, predicted relations. 


tion of the shower energy. Cur- 
ve A gives the total number of 


knock-on and bremsstrahlung 
events, respectively. It can also be seen from this figure that pair production 
should be the dominant process at our energies. 

The following correction is included in Fig. 1. Inclined tracks traverse 
more material and also have a larger average energy. HAZEN and RANDALL (1) 
measured the angular distribution of muons at the site of the present exper- 
iment. This distribution folded into the geometry of our apparatus increases 
the expected cross-section by about 6 %. 


5. — Results. 


Fig. 1 shows that the experimental results are consistently below the ex- 
pected values. In order to find out whether the discrepancy is due to knock-on 
events or pairs (or both) we consider the number of tracks below the plate 
in which a shower originates. Wilson’s charts were used to estimate the pro- 
bability of one track below the first plate or two or more tracks. The results 


are given in Table I. 


(9) P. H. BARRETT, L. M. BOLLINGER, G. COCCONI, Y. EISENBERG and K. GREISEN: 
Rev. Mod. Phys., 24, 133 (1952). 

(*) The same predicted number of pairs would be produced by monoenergetic muon 
primaries of about 80 GeV This energy varies slightly with the energy of the pairs. 
It is 70 GeV for 100 MeV pair energy and 90 GeV at 1000 MeV. 

(0) W. E. Hazen and C. A. RANDALL: Nuovo Cimento, 8, 878 (1958). 
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TABLE I : 
| : Sarees x cd a i | 
| Shower energy | MeV | 50 100 | 200 | 300 | 
| = = er ns | 
| Pairs with only 1 track below Ist plate | DE | IENA | 443 8+4 | 
| | | | À 
Single electrons with 2 or more tracks | GA 0 8 +4 — | 4+5 


For the knock-on process, there is almost always only one track in the first 
interval. The thickness of our plates is ~ 0.6 radiation lengths and the pro- 
bability of multiplication of an elec- 

1007 = 1 tron is small for all energies consi- 


dered. Low energy pairs, on the 
other hand, sometimes lose one elec- 
tron within the first plate. Taking 
vw 10 — into account the probabilities of 
> Table I, the numbers of predicted 
È showers starting with one track and 
~ 
Le) 
È 1 | 100 È 
Q 
£ 
D 
= 
È ci LÉ 
10 100 1000 N 
Shower energy , MeV 2 
: est È a 
Fig. 84. — Number of showers with one s A 
track below the first plate vs. shower 5 
energy. Curve A was calculated from È i B 
pair production and knock-on theories 5 
and from Wilson’s charts. Curve B was = 
calculated assuming that the number of 
direct pairs is 3 that predicted. The | 
error flags on the experimental points are 10 100 1000 
statistical standard devations. Shower energy, MeV 


Fig. 3b. — Number of showers with two or 

more tracks below the first plate vs. shower 

and are compared with experimental ven wake A We palonlated roma 
: production and knock-on theories and from 

data in Fig. 3. Fig. 3a depends al-  wilson’s charts. Curve B was caleulated 

most entirely on the number of assuming that the number of direct pairs 

knock-on events and there is agree- is 3 that predicted. 

ment with predicted values. Fig. 3b 

shows that the number of showers with two or more tracks below the first 

plate is considerably smaller than predicted. If we assume that the calcu- 


two or more tracks were calculated 
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lated number of knock-on events agrees with our data and that the number 
of direct pairs is at all energies 3 that predicted, we get good agreement with 
experimental data both for the total number of events (curve B in Fig. 1) and 
for the number of tracks below the first plate (curves B in Fig. 3a and b). 

Roe and Ozaxt (3) find a similar ratio between observed and predicted 
numbers of direct pairs. 


6. — Discussion of results. 


It is necessary to examine and evaluate systematic errors before we can 
draw any conclusions. In scanning, there are several possible sources of error. 
Let us first consider the number of events. We have already taken into account 
the effect of two or more unresolved showers in the same picture. The rela- 
tive number of events might be overestimated if a shower produced in the 
chamber could trigger the counters when the primary would not. However, 
the 2 to 3 inches of lead between the chamber and the lower counter all but 
eliminate this possibility. Since it is not always possible to identify unambi- 
guously the origin of a shower, some showers that originate above the first 
plate might have been included and some showers produced in the last plates 
might not have been included. The opposite is also possible, as for instance 
when a shower originates in plate 9 and should therefore not be counted, but 
is accepted due to a coincident knock-on electron below the 8-th plate. An 
analysis of the data shows however that the effect of this uncertainty is neg- 
ligible. The number of events might also be influenced by the criterion for 
accepting a picture. If the primary track was not distinctly visible in one of 
the intervals, the picture was discarded. However, a shower might mask the 
primary track and the picture would then be accepted because of the event. 
To evaluate this bias, the number of events in discarded pictures was counted. 
As it is approximately 10 % of the discarded pictures, a proportion equal to 
that in accepted events, no significant bias was found. Systematic errors in 
the number of events are therefore considered negligible in comparison with 
the statistical errors shown in Rig. 

We next examine the energy of a shower. It is determined from the number 
of associated tracks. Some tracks might be outside the illuminated region of 
the cloud chamber. Others might be far from the rest of the shower tracks 
and therefore considered as background. On the other hand, some background 
tracks might be mistaken for shower tracks. There are, however, very few 
background tracks. This is due to the unusually low radioactivity of the salt, 
to the fact that little radioactive contamination is brought into the mine, and 
to the natural shielding from cosmic rays provided by the location deep under- 
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eround. Errors in the observed number of shower tracks are therefore also 
‘believed to be small. 

It is more difficult to estimate errors introduced by the application of 
Wilson’s curves to find the energy histogram. The distribution of energies 
that correspond to a given number of tracks has an average standard devia- 
tion of 21% for a single event (see Section 3). The statistical uncertainty in 
the energy of the experimental points in Fig. 1 depends on the number of 
events per chosen interval. The resulting average statistical error in the ab- 
scissae is about 5%. H. THoM (as quoted in reference (*)) has analyzed electron 
showers of 950 MeV in a cloud chamber, which suggest that the energy of 
the showers is about 10% larger than predicted by the application of Wilson’s 
curves. It seems therefore safe to assume that a possible systematic error in 
the energy of a shower is smaller than 20 %. 

There are also several sources of possible systematic errors in the theore- 
tical curve A that is compared in Fig. 1 with the experimental results. 


a) The modified Bhabha’s theory (‘) predicts cross-sections which differ 
by as much as a factor of 2 from Murota’s theory (7). However, the main diffe- 
rence between these theories is in the formalism and Murota’s approach includes 
terms neglected in other theories. Therefore only Murota’s results were used. 
It is, however, important to mention that Bhabha’s modified theory would 
disagree even more with our data, since it predicts smaller cross-sections than 
Murota’s theory at high transferred energies and larger cross-sections at low 
energies. Murota’s theory was used with the following choice of arbitrary para- 
meters: x= 2, a= 3me?/e. Other reasonable combinations of parameters yield 
cross-sections that are up to 10% larger. A comparison between different 
theories and between parameters is given in Roe’s thesis (8). 


b) The energy spectrum used is based on depth-intensity measurements 
and on the range-energy relation given by BARRETT et al. (*) (see Section 4). 
This relation was found by an estimate of the different forms of energy loss. 
Of these, neither nuclear energy losses of u-mesons are yet well known nor 
are pair production losses. There is, however, no circular argument involved 
as pair production losses have little influence. GEORGE (11) arrives at a slightly 
different range-energy relation than BARRETT et al. (*). An analysis of these 
sources indicates a possible systematic error of about 
tical » curve. 


+ 15% in our « theore- 


Even if we assume that the theoretical points in Fig. 1 are 15 % below the 
given curve A and that furthermore the shower energies have been under- 
estimated by 20 %, agreement with theory cannot be obtained below 330 MeV. 


(1!) E. P. GeorGe: Progress in Cosmic Ray Physics (Amsterdam, 1952). 
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Above 350 MeV either of the two corrections would give good agreement. 
Tt is therefore reasonable to assume that the observed number of direct pairs 
is about 3 that predicted (curve B in Fig. 1). At higher energies, the exper- 
imental points tend to be above curve B. However, it should be kept in mind 
that for electromagnetic interactions with large momentum transfers, quantum 
electrodynamics is suspected to yield unsatisfactory results (#2). Both knock-on 
and pair production cross-sections might be larger for interactions at small 
distances (2%). More data at higher energies would therefore be interesting. 


(2) S. DRELL: Ann. of Phys., 4, 75 (1958). 
(3) R. F. Derry: Thesis (University of Washington, 1960). 


RiASsoUN TO.) 


Per studiare le interazioni elettromagnetiche dei mnoni veloci dei raggi cosmici 
si è fatta funzionare una camera a nebbia a molte piastre a 1032 ft. sotto terra. Si è 
ottenuto un istogramma per le energie trasferite da 30 a 3000 MeV. Gli sciami sono 
principalmente dovuti a produzione diretta di coppie e a processi di « knock-on ». 
I risultati indicano che vi è concordanza con la teoria del « knock-on » mentre la sezione 
d’urto della produzione diretta di coppie è circa 3 di quella predetta della teoria di 
Murota-Ueda-Tanaka. 


(*) Lraduzione a cura della Redazione. 
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Electromagnetic Scattering of Hyperons (*). 


M. J. ENGLEFIELD (“) and B. MARGOLIS 


Department of Physics and Astronomy, The Ohio State University - Columbus, Ohio 


(ricevuto il 30 Agosto 1960) 


Summary. — The interaction between the magnetic moment of a neutral 
hyperon and the charge of a nucleus causes large polarizations in small- 
angle scattering. The feasibility of using the effect to measure the ma- 
genetic moment is considered. 


The value of the magnetic moment of the A° is of great interest, and re- 
cently GOLDHABER (!) has proposed a method for its determination. The pur- 
pose of this note is to bring to attention the possibility of determining the 
magnetic moment by measurement of asymmetries in small angle scattering. 
At the present time the method proposed here is experimentally more difficult 
than Goldhaber’s method, but affords, in principle, an independent determi- 
nation of this important quantity. 

According to SCHWINGER (2), the electromagnetic interaction between a 
neutral spin { particle and a target nucleus of charge Ze has a polarizing power 


yet f(0) cot 6/2 
— |f(0)]2-+ y° cot? 6/2’ 


where {(0) is the amplitude of the wave scattered by specifically nuclear 
forces, and 


(2) ? 


(1) 


al | h Ze? 
MOSTO 


We take M and y to be the mass and magnetic moment (in units of eh/2 Me) 
of the A°, which is believed (*) to have spin 1, 


() Supported in part by the National Science Foundation and in part by the 
U.S. Atomic Energy Commission. 

(**) Present address: Department of Physics, Iowa State University of Science 
and Technology, Ames, Iowa. | 

(1) M. GOLDHABER: Phys. Rev., 101, 1828 (1956). 

(2) J. SCHWINGER: Phys. Rev., 73, 407 (1948). 

() F. S. CRawrorD, M. Cresti, M. L. Goop, M. L. STEVENSON and H. K. TicHo: 
Phys. Rev. Lett., 2, 114 (1959). 
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The hyperons from the reaction 
(3) a +p — À° + K° 


are polarized perpendicularly to the production plane (*). The polarization (1) 
will therefore produce a left-right asymmetry in a subsequent scattering. If 
the hyperons are produced 100% polarized, then this asymmetry will be P(0) 
for scattering through center-of-mass angle 0 in the production plane. A°-p 
elastic scattering has been observed (5) in a liquid hydrogen bubble chamber, 
and the possibility therefore arises of using the above asymmetry to estimate w. 

Assuming that the A°-p nuclear scattering only involves S-waves, for 
0=1° (1) is well approximated by P= 2yk cot 0/2, where hk is the relative 
momentum. If the laboratory energy of the incident hyperon is 50 MeV, 
P—11.6u% at 1°, and depends inversely on the angle. The resulting asym- 
metries are not likely to be observable. 

A larger effect, however, would be obtained by scattering from heavier 
nuclei, owing to the factor Z in (2), and it may be profitable to use a xenon 
bubble chamber. The S-wave assumption is now invalid, but the polarization 
may be estimated (?) by approximating the nuclear scattering by that from 
a hard sphere in the high energy limit. The radius of the sphere is taken 
from the formula À = 1.5- 43-10-18 em, when the model gives fair agreement 
with the cross-section of Xe for neutron scattering at the energies considered. 
The model is probably poor, but is as good as any other in the absence of 
information on the A°-Xe cross-section. On this basis, we obtain the following 
values for the polarization (1) at small angles: 


i ee a Ne | LR 
| E e 2 | 1 | n | a x A e ih. ee | 
oot Les | ss | 
| | | 
5 82.1 | 48.9 DO Stl ya 8.7 6.5 u SARI 
100 | 82 1 48.9 
mr | 67.7 | 37.6 19.5 x 9.7 u 6.5 u 4.9 u DO 
97.1 | 67.7 | 
Big wee | ose | 1464 7.3 ju 4.9 y | Sern 
87.1 53.8 | 
ES = Se = n = = = = sa 
25 44.3 | 23.0 | L7w 5.8 u 3.9 w 
Ton | 44.3 | 
| = | 2 i di A = = 
| 49 32.5 | 16.6 4 8.3 4 ALL 
| 60.1 


(4) F. S. CRAWFORD jr., M. CRESTI, M. L. Goon, K. Gorrstern, E. M. Lyman, 
F. T. SoLmirz, M. L. STEVENSON and H. K. Ticuo: Phys. Rev., 108, 1102 (1957). 

(5) F. S. CRAWFORD jr., M. CRESTI, M. I. Goop, T. F. SoLmirz, M. L. STEVENSON 
and H. K. Trcno: Phys. Rev. Lett., 2, 174 (1959). 
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E is the laboratory energy in MeV, and 0 is the center-of-mass angle in 
degrees. The polarizations are given in per cent. Where two polarizations are 
given, the upper is for w—1, the lower for «= 2. A blank means the angle 
is sufficiently large for the electromagnetic scattering to be reduced owing to 
the finite extent of the nucleus (?). 

At the lower energies, these effects are sufficiently large to give hope of 
their observation, although many difficulties are apparent. For example, the 
recoil Xe nucleus is no doubt extremely difficult to detect when the scattering 
angle is so small. Thus Goldhaber’s suggestion (1) is more likely to be realized 


in the near future. 


RIASSUNTO (’) 


L'interazione fra il momento magnetico di un iperone e la carica di un nucleo causa 
forti polarizzazioni negli scattering a piccoli angoli. Si esamina la possibilità di usare 
questo effetto per misurare il momento magnetico. 


(*) Traduzione a cura della Redazione. 
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On the Axioms of Quantum Field Theory. 


W. WEIDLICH 


Institut fiir Theoretische Physik der Freien Universitat - Berlin 


(ricevuto il 1° Settembre 1960) 


Zusammenfassung. —— Ein Satz von Axiomen für die Quantenfeldtheorie 
wird diskutiert, der in einigen Punkten von dem Lehmann-Symanzik- 
Zimmermannschen abweicht, jedoch ebenfalls Lorentzinvarianz, Asymp- 
totenbedingung und Kausalität enthält. Ausgangspunkt ist die nicht- 
relativistische kanonische Feldtheorie, welche in bestimmter Weise aut 
den relativistischen Fall übertragen wird. Wegen des Haagschen Theorems 
mu dabei der Begriff des lokalen, kausalen Feldes verallgemeinert werden. 


Introduction. 


In order to avoid the difficulties arising from explicit use of field equations, 
quantum field theory mainly has been developed in the last years by evaluating 
a number of axioms (12) which are supposed to describe adequately the fun- 
damental properties of elementary-particle systems: «) relativistic invariance, 
B) existence of asymptotically free particles resp. fields before and after inter- 
action, y) causality of the interaction. 

In particular it was possible to derive dispersion relations (*) and general 
representations for certain matrix elements (4°). But the existence of non- 
trivial examples, satisfying all axioms and leading to an S-matrix #1, has 


(1) H. LEHMANN, K. SYMANZIK and W. ZIMMERMANN: Nuovo Cimento, 1, 205 (1955); 
6, 319 (1957). 

(2) A. S. WIGHTMAN: Some Math. Probl. of Relat. Quantum Theory (1957), unpub- 
lished manuscript. | 

(8) For instance: H. LEHMANN: Nuovo Cimento, 10, 579 (1958). 

(4) H. LEHMANN: Nuovo Cimento, 11, 342 (1954). 

(5) E. J. Dyson: Phys. Rev., 110, 1460 (1958). 


= 18 - Il Nuovo Cimento. 
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not yet been proved. So it may be worth-while to discuss an alternative set 
of axioms which also contain the essentials of conditions «), 8), y) and for 
which it may be easier to construct models. We begin with the non-relati- 
vistic case and consider canonical systems of interacting fields with an asymp- 
totic condition. The transition to the relativistic case will meet with some 
difficulties in connection with the Theorem of Haag (5%). 

So it will be necessary to abandon the usual «totally local» interacting 
fields and to define « o-local » field operators having more complicated trans- 
formation properties under the Lorentz-group. Nevertheless the theory will 
be explicitly Lorentz-invariant in the usual sense (confr. (2.17) for instance) 
and it will be possible to give conditions for macroscopic causality. 


1. — Non-relativistic case. 


We start with the following assumptions: 


a) The physical system is described by field operators 
{Put t); T y(t, t)} = FAC t) 
satisfying canonical commutation relations: 


(1.1) Dar» 8); Py(te, t)] = (y(t, 1); Myre, H]=0, 


| [Palti, 6); yes t)] = Oy (tata). 


All %,(x, t) for a fixed ¢ form a complete system of operators with the usual 
representation in the Hilbertspace § known from the theory of free fields. 


b) In § an unitary representation of the group 


G= RXT 
(Jt = inhomogeneous rotation group; T = time translation group) is given with 
DOS transformations Mim=— Minn; Pm; H (m, n=1, 2, 3), acting on 
x(t, t) by 


(1.2) expli(t-a+7)]7;(v, 1) exp[—i(t-a + Hr)] = Z(r+ a; t+ 7) 


(9) R. HaaG: Dan. Mat. Fys. Medd., 29, no. 12 (1955). 
(€) D. Hatt and A. 8. WIGHTMANN: Dan. Mat. Fys. Medd., 31, no. 5 (1957). 
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and. 
Die Dy, (Des t) 
for D = rotation. 


c) $ and the representation of G being such, that «free» canonical ope- 
rators ys(r, t) exist, besides the 7,(v, t) which 


1) also satisfy a), b) and are represented in © equivalently to the 7,(x, t), 


2) are «free» in the sense, that Min: Lm, H, expressed by 
have the form well-known from the theory of free fields. 


Clearly with y,(v, t) also PACA = Uy (t,t) 2 aspire, it UD: Gi == 0.16r 
all GEG. 


d) Among the y,(r, t) there are two systems xt); xx, t), such that 
(1.3) Z(t, t) > 7 (t,t) for t > + co. 
The kind of convergence will be specified later on. 
We now give some simple consequences of the axioms a)... d). 
Taking arbitrary free operators y,(v, 7), we have from (c; 1) the existence 
of an unitary V(t) connecting y and 7: 
(1.4) TANA i E 
Using (1.2) for both 7, and 7, we first conclude: 
(1.5) [U(R); Vi] = 0 for all Ref. 
Proof: With U(R)=V(t)U(k)V 7) we easily get from (1.2); (1.4): 
[O-(R)U(B); Zur 01 = 0, 


hence 


(*) U(R) = AR)U(R): = |A(R)|= 1 


as the y,(r,t) are complete; because of (*) the À(R) give an unitary one- 
dimensional repr. of 9; as there only exists the identical one, A(R) =1. 
This completes the proof. 
From the rest of (1.2) we get: 


(1.6) V(t) = exp [iHt]V(0) exp [—-iHt], 
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V(t) can always be expressed as à funetional of 7y(x, t) or of y,,(%, t): V()= 
=V[yz,,(é)]. From (1.4) and V(t)= Vit)V[Ez,(0]V 4) we have 


(1.7) VE xae(t)] = VU Zaclt)] » 


saying that the functional form of V(t) in the y,,(r, t)’s is the same as in the 


Zu ts 
Instead of choosing the Hamiltonian H{7,(t)} at the outset of a theory we 


may as well consider V[y,(t)] as the quantity given primarily. Then, in prin- 
ciple, for each operator A = A[y,,(f)] its form Az, (t )} in ¥,(v, t) is known: 


(1.8) AGO = PO PO A VIVA = VZ MAMI 
Thus the Hamiltonian, being « free » if written in the y,(r, f)’s, may have 


a complicated form written in the Y,(r,t)S. To compare our formulation with 
the conventional one we introduce fields 


(1.9) ra = VO) zz) VA); 

being equal 7,,(1, 1) for t= 0, but satisfying the equation of motion: 
(1.10) Fal t) = 44; Lu (x, t)] 

with H,— V(0)HV—-+(0). 

The two Hamiltonians H, A, for 7,(x,t), (x, 7) of course have the same 
spectrum. We now consider the operator 
(1.11) W(t) = exp [iHit] exp [— iHt] = VIO)", 
with respect to (1.6); (1.10). 

In simple quantum-mechanical cases of potential scattering the strong con- 
vergence of the corresponding W°(t) to Moller operators Q. can be proved (°). 
Therefore we postulate for V(f) analogously: 

(1.12) VOVioy>2. or Vit)h+2,V(0)=U. for t++0o 

in the sense of strong convergence. In our case (no bound states) Q. and U_ 
then are unitary. (It would be of no use postulating weak convergence 
V(t) > U. only, as (1. [V(t)— U.]g:) >0 for all fixed 9,,@,¢H and [ol = 


=|V(tg|=|U_g| automatically involve |(V(t)— U.)p) +0 for all pe 5.) 


(9) W. BrexIG and R. HaaG: Fortschr. d. Phys., 7, 183 (1959). 


280 


= de a ri 7 
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LP 


If VU. exists by condition (1.12), it fulfills 


È — 


(1.13) . [U(G); U.]=90 for all Ge@. 


Proof: [U(R): 2_V(0)}=0 is trivial by (1.5) and definition of 2.; 
[H:U_.]=0 results from HQ. = 2Q.H,; H,V(0)= Vi0)H. 
We shall now give the precise formulation of axiom d): 


f(x: ©) be a solution of the free Schrodinger equation; then the scalar 
product (j": 7,)= 7 will be a time-independent operator and we have the 
convergence: 

04) (79) = 70) = VO VHS U LUS = 7a 
im 
for t>ioo; 7=(1,t)=U. yy(t, Qua. 


The S-matrix, defined by 


(1.14) n £.=87.8°. 


| will have the form: 


(1.15) 8=U 0} = Oo V(o)y'o) ei = 2_L° ; 


of course: [U(G): S]= 0 for all Ge 6. 
We still have to investigate the meaning of (1.12) for V. Assuming the 
existence of Q. for the moment we shall write it in the form (1.18), to get 
relation (1.24) for the matrix elements of V(0); afterwards the convergence 
(1.12) has to be verified. 
Let us first introduce eigenvectors D, ,: YY, of H, resp. H: 


(1.16) H,®, .= E®,,; AY, = 27... © additional parameters) 


where to each @, , belongs one 


(1.17) PT OP... 


and vice versa. | 
On the other hand the eigenstates #7, of H, related to D, , by 


Y= P, ,{t) for { — + co, 
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where 
1 
WE) HPA Del) =D) 
B, a(0) Fi Pr, x ? D, AO) = Dan 
are given by 
È " E, a E E, a , x E 71 = 7 } 


with Q—=H—H,. 

The so defined ©, must agree with (1.12), if the limit exists (°). AS 
pi =Q,.V(0)7, = U,Y, and Y, , belong to the same eigenvalue E of H, 
there must be 


(1.19) (Gy |V (0), | Pp) = (Pag lV |e) = SE E)(b_, + (EB; Eza)) . 
Writing now the matrix elements of V(0)=1 + Y in the form 


(1 20) (Day |V(0) | ®,,) "dii 


0) |W) = Of! — B)6, + oa’; Ho) 


and regarding 


1 1 

de e rt ) a re 

E — H - i Oe ig oe 
we obtain 
(1.21) VODICE Gs = (io: v1) Dre 

E o + 4€ 
DE > lo Ho's Hoc) + 1 -(E'— E)v(E'a'; Ha), Dre 
podi (ps _E' Ea ie i Ten 


If v(H'a'; Ea) is regular De (E'-E)=0, (1.21) reduces to V(0)Q,6, =D, 
or V(0)2@,=1 and U, S=1. The simplest form of v(H'«'; Ha) to avoid 
this trivial case is 


1 / 7 I 
E BR. Lin” a a ; Ha) EE + in v_(E'a'; Ha 00) 


(1.22) v(L'a'; Ha) = 


7 Ape 3 / - Ni ATE 
where v,(£'x'; Ex) are regular at E'= E, and satisfy the unitarity conditions 


(9) M. GeLL-ManN and M. L. GoLDBERGER: Phys. Rev., 91, 398 (1953). 


SS de 


ae S 
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for V(0). Going to the limit 7 — 0; e — 0 and using the well known formulas 


lim = =? ER '_ K 
speso ip genti: 
(1.23) 
1 
(E'— E)Ô(E'—E) = 0: (E'—E)P = 
) ( ) TESE 1 bi 
we get 
ice) HONOR SERRE D'2niô(E'—EÆE)v,(E'x'; Ea) (DEA 
E',a' 
or by comparison with (1.19): 
(1.24) u, (EB; Ba) = 2niv,. (HB; Ea). 


Thus the matrix elements of V(0) diagonal in the energy are connected 
with those of U, and $ in a simple way, while the non-diagonal elements of 
V(0) are necessary to give the whole time-development of the theory. For 


these (1.6) and (1.20) imply: 


 pli(e_ Lt] 
ug = wm 


exp [i(E' EN] 


n= = » (H'a': Ei a 
e e 


o(D'a'; Ha) — 


Taking normalized states instead of P, and using 


exp [ict . exp | tat 7 
UP, — — lim coe ped = 21 Ô(w) ; 
e co) i 1 t>- 20 (Ù) —+ 17] 
HAN exp [iat | exp [iat] 
D. (Ob ; Xx 1 
zx Pu i lim Les EM = (|), 
ri ee) 17] Po (DE WM 


we verify V(t) > Uz for t > + co, involving V(t)= U,, as V(t), U, are uni- 
tary. For applications it will be more convenient, to put V(t) = exp [iT (t)]; 
T(t) =T*(t). Then V(t)= exp[iT] is true at least,  T()= TE. 


2. — Relativistic theory. 


as a preparation for the relativistic case. 


Section 1 should be considered 
we need some notations and defini- 


To facilitate the transition to the latter, 
tions at the beginning. 


Let us consider all space-time co-ordinate systems Y generated from one 
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X by applying any element Z of the inhomogeneous Lorentz group &. - (As 
usual all L are referred to an arbitrary, but fixed system 2%) 

Y is said to belong to the o-plane o=o(), if the equation of o(2) in Y 
is: t= 0. (0)c L be the subgroup of all Lorentz transformations L(o) leav- 
ing o invariant: L(o):o =o. Clearly two pairs of co-ordinate-systems (2, 25) 
and (2, 2%) are in equivalent relative situations, if 2;=L'2,; 2,=D2,; 
L'e 2. Usually the arguments 2, k, ... of operators refer to a fixed system 2). 
As it will be convenient to change the frame of reference, we write it down 
explicitly from now on. Thus, the usual field operators gy(x) will now be 
written p,(2,|+). Going to L2,, they satisfy 


| py(Z0|2) = 2 (L)p,(L%q| £2) 
(2.1) particularly for scalar fields: 
| AZo) == AEA, ie) RA LEALE 


# 


If an unitary representation of £ is given, U(L) act on g,,(20|2) by 


(2.2) U(L)p,(&,|0) UL) = Ai (L)gy(2 | La) né Par(L2 12) 


using (2.1). 
More generally, (2.2) implies 


bo 
ie 


U(L) B(X|&) UL) = B(LX; |) 


for any functional B(2,|é) of the ,(24,|x) with arguments é referring to 2. 
Considering operators g,(2' |a) with æeo we often use 2 belonging to o; 
hin À 19 == (GO). 
Definition: A system of operators w,(2'|r) given on o(2) is said to be 
o-local if it satisfies 


(2.3) U(L(o)) wy(£ |) U!(L(0)) = DD 4) yp (2 


Dia) 

where L(o) = (D, a) in 2 and unitary U(L) are presumed to exist, and 

(2.4) or) er) a= 0 for rt. 
À o-local system y,(2'|v) is called canonical, if it fulfills the canonical 

commutation relations (1.1). If a o-local system for o(2) is given, we get such 


systems for any o'= o(L'2) by defining 


(2.5) Py(L'2'|r) = U(L') yp, (|r) UL). 
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If it is possible to associate fields g,(®|2) to the family of o-local systems 
wy(X|x), such that (2.1) is valid for Pylolz) and wy(2|0) = p,(21r, 0), we 
call the family totally local. 

Clearly fields, which satisfy (2.1), (2.2) and causal commutation relations 
Lo, (Z|+, 0); py(X |v’, 0)| = 0 for all XY and rt, always generate a totally 
local family of p,(2|r). But not every family of o-local operators is totally 
local. A well known counter-example for the case of a free sealar field are 
the operators e‘(2,|r), e(2o|v) creating and annihilating localized states on 
o(2) in the sense of NEWTON and WIGNER (1°). They are defined by: 


4 LT. 
(2.6) TRE es LE exp [if-r]a(2,|k)dm(k) and herm. conj., 
where 
ask pe 
dm(k) = x — ; CV ma ke; 
0 
[a(Xo|k), a'(Xo|k)| = ko o(f — fs; [e (lt = Ô(t—t'). 


Their transformation-properties result from that of a(Xo|k) : 


U(L)a(2|k)U “L) = a (L2,|k) = a (>. |Lk) for homogeneous Le%®, 


(2.7) À U(A)a(Zx|k)U-4) = a(A2 |) = exp [--i4,F"] a(Xo|k) 


for translations Ac. 


and especially imply e(+|0) # e(LS,|0) for L# L(o()), even if L leaves in- 
variant the origin of 2,. Hence, e(X,|0) depends not only on the world point 
(0, 0) in 2, or L2,, but also on (2) or o(LS,), to which it belongs. Physically 
this is clear: e'(d)| 1) creates a localized state DE on o(2,) at point r, com- 
posed of waves of different momentum. Seen from an observer in De 
moving relative to +», D is no longer strictly localized because of (2.7), resp. 
localization in this sense is no Lorentz-invariant conception. The question now 
arises, if o-local families of operators, being more general than local, causal 
fields, may be applied to describe causally interacting systems. In this con- 
nection we recall the theorem of Haag (5), stated in the form of Hall and 
Wightman (°). 

Two canonical fields @;(2|2), (201%); J= A, 2 (corresponding to totally 
local operator families) agree in all their vacuum-expectation values up to the 


(10) T. D. NEWTON and E. P. WIGNER: Rev. Mod. Phys., 21, 400 (1949). 
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fourth order at least, if they have equivalent representations on o(Xo), resp. if 


Vqi(20 | Y, 0) Vi = Pa(20 Yr, 0) 3 Va (o | Y, 0) vis Ta (o | Y, 0) S 


To avoid such agreement between interpolating fields and « free » asymptotic 
fields we may consider 


x) field theories with local, causal interpolating fields, which are non- 
canonical or, if canonical, have representations in § inequivalent to that of 
the asymptotic fields, or, abandoning these fields corresponding to totally local 
operator families: 


B) field theories with interpolating o-local operator families, which even 
may be canonical and have representations equivalent to that of the asymp- 
totic «free » fields. 


While the axioms and consequences of case «) have been formulated by 
LEHMANN, SYMANZIK, ZIMMERMANN (!) and other authors, we shall try here 
to do so for the second case, 

Axioms for f). 


a) An Hilbert space $ exists, in which an unitary representation of 
the inhomogeneous Lorentz group £ is given, furthermore « free » canonical 
IA e AN à RI IF LI A 6 ‘ SI 
fields x,,(Zo|®)= {py(20|%), 7x(20|®)} Satisfying (2.1), (2.2) and the canonical 


commutation rules 


PAZ |, 0); x (2 


1e DO POTERIE for all 2, 


forming a complete operator system on every o(Z) and free in the sense, that 

the infinitesimal transformations P,, M,, =—M,, (44v=0...3) of £ have 
PA n i NALI r SE à 

the free form if expressed by 7,(2,|2). 


b) The operators 7,,(+'|\r), which are to describe the interacting physical 
system, constitute a o-local canonical operator family equivalent to ate) 
on every o(2). So an unitary V(0) exists for o(Z), connecting y and 7: 


(2.8) TO) = V(7) Karl Seely 0) Foie 


€ 


SET a en ORS hie = : a : 
Formulas (2.3) for 7,(2|v) and (2.2) for y,,(2|t, 0) immediately imply (as 
in the non-relativistic case (1.5)) | 


(2.9) [U(Z(0)); V(o)] = 0 for all L(0) e R(0). 


As the vacuum %, is the only state in § invariant under all Lorentz trans- 


ot 
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formations and the one particle states must behave like free ones, we require 
(2.10) Fo) D = Di V(o)%,=9, 


for all V(o) and all free one particle states D,. 


c) We have to restate explicitly the meaning of relativistic invariance 
for a quantum field theory: 


1) No system 2 is physically preferred to any other; only the relative 
situation of two systems 21, Za = LA is relevant for statements of the theory. 


2) The transformation properties of certain quantities like total energy- 
momentum and energy-momentum of single incoming and outgoing particles 
are known from experiment. These conditions are warranted by the following 
postulates: Q(X|é) be an observable assigned to a measurement on À at 
t= 0, and DES the state found thereby (arguments &, x refer to x); then 
the observable Q(L2|É) and state DI, assigned to the corresponding meas- 
urement on LS are given by 


— 


(2.11) Q(LZ\é) = U(L)Q(21£) UT) ; DE — UL)D, . 


As (2.5) is valid for 7y(2|v) and 1 (|v, 0) as well, Q(LI'\é) has the same 
form written in %,,(D>|x) resp. Zul £X|x, 0) as Q(2]8) written in 7,,(2'|v) resp. 
4 n(Z |v, 0). Furthermore, (2.5) and (2.8) imply 


(2.12) V(L-o) = U(L)V(0) UL). 


This is compatible with (2.9) because of 
U(L')U(L(0)(U-(L') = U(L(L'o)) . 
The expectation value of Q(22|&) in D? now only depends on the relative 
situation of 2», Za: 


(2.13) (BF: (Q(B) 15) = (OF |Q (2s 5) | OF) 


by (2.11), if 
LZ, (j=1, 2). 


9 


To satisfy condition 2), we need 


d) Asymptotic condition: 


bo 
(00) 
ea] 
4 À 
r I 
ica 
648 - rata AM 
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where U, is unitary and satisfies: 
(2.15) ONCE Clie AV for all Le. 


(As in the non-relativistic case weak convergence of V(o) to U., involves 
strong one.) 
This implies 


(2.16) Lu) UE |r) UL = x (2|r) for o(2) > £ 00, 


where ¢ (|x) belong to the «free » fields 2% (Xp |) = Ua (0) Us (Che 
particles belonging to the asymptotic 2° (Sy) have of course to be consi- 
dered as « dressed ».) 

Since it can be proved on the other side (*), that only weak convergence of 
local, causal fields to «free» asymptotic fields is possible; the o-local 7(2’'|r) 
cannot be a totally local operator family belonging to a local, causal field 
X(25\#); in other words, a non-trivial V(o) cannot satisfy the necessary and 
sufficient condition for Y(2'|r) to be totally local: 


V(oilx]) Yao). Ve (Oy [æ]) = Vio 221) Ay l& 


o |æ) Vo (o:[x |), 


where the o;[w] are arbitrary o-planes containing the point x. The S-matrix, 
defined as in (1.14), is given by 


(2417) S=U_U; clearly: [U(L): S1="0 for all Le 2. 


For causality the next conditions for V(o) will be decisive. 


e) Quasilocality of V(0): 

In the following we shall make the assumption, that a «local» observable 
Q(2\t) composed only of %,(Z|v); 1! & x is assigned to a measurement 
«at the point (r, 0)» in 2. Instead of 7,,(2|t) we may consider the Newton- 
Wigner operators ¢€,(2'|r), e (2|r) belonging to 7,,( Z'}x) as associated with 
measurements at (x,0) in 2. Up to regions of order of Compton wavelength 


this turns out to be the same. For instance in the case of scalar field A(2,|2), 
using (2.6): 


QRL en x, 10) V>(o(5)) = 


() I am indebted to Dr. DOEBNER for pointing out this to me. 
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with 


m= 1 Kee Bs(i|wW—x]); HS), = Hankel function , 
and 


eZ Ir) = V(o(S)) (2 


x) V-1(a(2)) « 


The quasilocality of V(c) now means, roughly spoken, that 


AE) = V(o(2)) AZ 0) V-4(o(2)) 


if expressed by %,(211,0), essentially only contains %,(21t, 0) with 
Ix'— |< Compton wave-length of the particles considered. To give a more 
exact formulation, we consider normalizable states @~(o) created from vacuum 
@, by repeated application of «free » Newton-Wigner operators e(Z|x) with 


rev and taking linear combinations. Then V(o(2)) is called quasi-local, if 


(Bz (v,) | V(o(2))|Pr(v.)) _ 
[S20] -|O2Zo)) | 


(2:19) maximum of 


as soon as the distance d(v,; 13) of the space-regions 0,, Ds considerably ex- 
ceeds the Compton wave-length A. V(o()) being quasi-local, V(o(2")) for any 


Z'= LX is quasi-local too, as V(o(2")) is composed of e,(2" |r), et(2'|x) resp. 
Xx(2"|v, 0) in the same way as V(o(Z)) of e,(2 11), e(Z\t) resp. 4412113 0). 


Condition e) has important consequences. 


1) In principle we are able to discuss observables beyond the scope 
of pure S-matrix theory. So we may interpret for instance the well defined 
energy-momentum tensor T, (201%) of the free y,(2,|x) as belonging to the 
interacting system, after having expressed TE |; 0) by interacting-opera- 
tors 7y(2|r) on the o-plane o(Z) taken into account (in analogy to (1.8)). 


The interpretation is possible, as [Tf |x, 0) dx except for negligible contri- 
D 
butions only consists of 7,(2|t') with r'ev because of e). 


2) By «macroscopic causality » we understand the following concept: 
Let us consider states @*(b), which describe a system of interacting particles 
confined to the region » on o(2). @*(v) = V(o(X)) D"(1) with the «free » 
D(v) as introduced above. The system will now develop causally in time 
(time co-ordinate refers to Dh) oat 


(2.20) (B*(p,); Dh.) & 0 
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where XY, arises from X, by time translation, and ».,co(2,) lies outside the 
light cone spreading from »,c o(2;). 

It can be proved easily for our interaction, that (2.20) is satisfied except 
for regions t, of order of Compton wavelength immediately near the light 
cone of v,. The proof consists of tyree steps. First we express the operators 
creating D(0,) from ®, by the free y,(211t); where mainly ré,, using 
condition e); secondly ÿ,(2|1t) can be expanded in the well known manner in 
x(t), t’eo(2,) within the light cone of reo(d,); at last we re-express 
Ant) by XulX2|v") OT €,(22 |v"), using e) again. This behaviour seems to 
differ from that of non-local theories of the Kristensen-Moller type (1) 
discussed some years ago, for which it was proved by Stückelberg and 
Wanders (12), that also macroscopically acausal effects exist. The reason for 
this difference lies in the concept of locality, which in our case depends on 
the o-plane, wherein observations are made. 

As V(o) = exp [iZ(c)] introduces the interaction and so may be regarded 
as the starting point of the theory, we ask for its simplest form satisfying all 
conditions and warranting an S-matrix S# 1. In analogy to the non-relativistic 
case we put (P, = total energy-momentum, x additional parameters) 


y 
a2 


(2.20) (Dhs | (op) | Prix) = 


Ô(p— p) Da Ò(p'— p) = 
= 77 ee IP 65 8 dE Soe 7 sr be : p C 
P,—Po— te se 2) Pepi paste 


LX 


If we write U One = Op = Dr Py} the following conditions have to be 
fulfilled by t. (Pix; Px): 


(2.21) Te (LLP, |; LP,, e) = t,(P.a; Pa) for LPO) 
corresponding to (2.9). Furthermore, TAP, a; P,x) must be regular at P,= IP 


( 
and such, that T(0)> T, for o+-+ co (including V(o) > U, = exp ES); 
where i, 1 


(Di, |T,| Op.) = 20 d(P'— P)t, (Pia; Pia) 


D 
O) 
iù 


I I ! 1 
and tr, (IP al; LLP,, al) =t(2,%; Pia) ior all fe Ye and .P,= P,; corres- 
ponding to (2.15). 
If we express T(o,) in the momentum creation and annihilation operators 


(IR KRISTENSEN and C. M@LLER: Dan. Mat. Fys. Medd., 27, no. 7 (1952). 
(12) E. C. G. STUECKELBERG and G. WANDERS: Helv. Phys. Acta, 27, 667 (1954). 
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ay(|k) of the «free» fields 7,(2 |), it will consists of terms of the form: 


with dm = d*k/ky. (2.21), (2.22) are carried over to 0° “(hy … i.) and on the 
right side at least two annihilation operators must appear to satisfy (2.10). 
T(o) given, the question of quasilocality can be decided in principle. We have 
to express (2.23) by the Newton-Wigner operators eat) e' (dy |v’) belonging 
to the «free » fields y,,(X |) and try to verify (2.19). It will be easy to regard 
additional conservation laws for the interacting system: If in a represen- 
tation of Lx G is given and the interaction has to be invariant under the 
transformations of G, it suffices to choose V(c) so, that 


(2.24) [V(o); U(@)] = 0 for all Ge &. 


* ok OK 


I should like to thank Professor Lupwic, Dr. DOEBNER and Dr. BERENDT 
for their interest and many valuable discussions. Mr. ROSENTHAL I thank 
for revising the manuscript. 


RAS SUN Ore) 


Si discute un gruppo di assiomi per la teoria quantistica dei campi che in alcuni 
punti differiscono da quelli di Lehmann-Symanzik-Zimmermann, pur presentando 
anch'essi l’invarianza rispetto alle trasformazioni di Lorentz, la condizione asintotica 
e la causalità. Punto di partenza è la teoria canonica dei campi non relativistica che 
viene riportata in modo determinato al caso relativistico. Per il teorema di Haag è 
necessario per far ciò generalizzare il concetto del campo causale locale. 


(*) Traduzione a cura della Redazione. 
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Theoretical Calculation of the Solar Diurnal 
Variation of the Cosmic Ray Intensity (°). 
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Bartol Research Foundation of the Franklin Institute - Swarthmore, Penn. 


(ricevuto il 12 Settembre 1960) 


Summary. — By formulating an expression for the anisotropy of the 
primary cosmic ray intensity, the expected solar diurnal variation of 
the intensity of the nucleonie component of the cosmie radiation at sea 
level is calculated at various geomagnetic latitudes and longitudes for the 
following cases: (a) the anisotropy is produced outside the terrestrial 
magnetic field (extra-terrestrial origin), and (b) the anisotropy iS pro- 
duced inside the terrestrial magnetic field (terrestrial origin). In this 
calculation, the orientational difference between the earth’s rotational 
and the geomagnetic dipole axes is considered. The present expression 
for the anisotropy, Af, contains three parameters, m, n and P;. The 
parameter, m, determines the rigidity dependence of Af in the expression, 
Af x P-". The parameter, n, determines the directional dependence of 
Af in momentum space with respect to the plane parallel to the geo- 
magnetic or geographic equator in the expression Af cc (cos 0)", where 0 is 
the angle between the plane and the direction mentioned above. P, is 
a definite value of rigidity, for rigidities smaller than which Af is zero. 
This expression for the anisotropy could easily be utilized in terms of 
any description of the model of production of the anisotropy by the 
appropriate choice of these three parameters. It is also possible to deter- 
mine the most suitable values of these parameters by the comparison 
of the calculated and observed diurnal variations. The geographic local 
time of the maximum intensity shows a geomagnetic longitudinal depend- 
ence for both terrestrial and extra-terrestrial origins. On the other hand, 
the amplitude shows a longitudinal dependence at latitudes higher than 50°, 
only for the extra-terrestrial origin. At latitudes lower than 50°, there 
is no significant difference between the diurnal variations expected from 
the terrestrial and extra-terrestrial origins. The altitude correction factors 
of the diurnal variation of the nucleonic component are obtained. These 
factors are nearly independent of the geomagnetic longitude of the 
observational station. 


(*) This work was supported in part by the National Science Foundation and 
the Office of Naval Research. 

(**) On leave of absence from the Department of Physics, Nagoya University, Japan. 
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4. — Introduction. 


It has been suggested by ELLIOT and DOLBEAR (1) that the acceleration and 
deceleration mechanism of the solar stream, proposed by ALFVEN (?) to explain 
the cosmic ray origin and Forbush type decrease, causes the solar diurnal 
variation of cosmic ray intensity (extra-terrestrial origin). Subsequently, more 
detailed theoretical investigations of the diurnal variation were made by several 
authors: ALFVEN (3), BRUNBERG and DATTNER (*), DORMAN and FEINBERG (a 
DorMAN (6) and one of the present authors (7). Taking into account the solar 
general magnetic dipole field, BRUNBERG and DATTNER (°) calculated the ani- 
sotropy of cosmic ray intensity produced by the solar stream. DORMAN (°) 
and one of the present authors (7) studied the anisotropy caused by an ordered 
magnetic field frozen in the solar stream, and calculated the diurnal variation 
in the earth’s atmosphere expected from the anisotropy. 

These calculations of the diurnal variation in the atmosphere were made 
by neglecting the orientational difference between the earth’s rotational and the 
geomagnetic dipole axes. In the geomagnetic co-ordinates system, the asymp- 
totic orbit of a negatively-charged particle ejected vertically from the earth 
is defined by its geomagnetic latitude, A, (northward positive), and the east- 
ward rotational angle, Ÿ,, of its meridian plane from the one including the 
observational station, S, (cf. Fig. la). These quantities are independent of 
the geomagnetic longitude of the observational station. If we translate A, 
and Y%, from the geomagnetic to the geographic co-ordinate system, then these 
translated quantities depend on geomagnetic longitude, even at the same 
geomagnetic latitude. Thus, if the direction of the maximum anisotropy lies 
in the geographic meridian plane, the amplitude and the geographic local time 
of the maximum intensity would be different at different stations which are 
located at the same geomagnetic latitude but at different longitudes. Hence, 
the orientational difference between the magnetic and the rotational axes 
should be taken into account in the calculation of the diurnal variation. 

The expression for the anisotropy used here contains three parameters, and 
could easily be utilized in terms of any theory of the origin of the anisotropy 


H. Erxror and D. W. DoLBEAR: Journ. of Atmos. Terr. Phys., 1, 205 (1951). 


I ALFVÉN: Tellus, 6, 232 (1954). 
. À BrunBere and A. DATTNER: Tellus, 6, 254 (1954). 
(5) L. I. DORMAN and E. L. FEINBERG: Memoria del V Congreso Internacional de 
radiacion cosmica, Mexico, 1955, p. 393 (1958); Suppl. Nuovo Cimento, 8, 379 (1958). 
(6) L. I. Dorman: Cosmic Ray Variations (Moscow, 1957). 
(7) K. NagasHIMA: Memoria del V Congreso Internacional de Radiacion Cosmica, 
Mexico, 1955, p. 349 (1958); Journ. Geomag. Geoelectr., 7, 51 (1955). 


3 


19 - Il Nuovo Cimento. 


H. ALFVÉN: Phys. Rev.,75, 1732 (1949); Cosmical Electrodynamies (Oxford, 1950). 
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Fig. la. — Geomagnetic co-ordinates system in position space. 


by the appropriate choice of these parameters. It is also possible to find the 
most suitable values of these parameters by the direct comparison between 
the observed and calculated diurnal variations. Calculations of the diurnal 
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of anisotropy 
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Fig. 1b. — Co-ordinates system in momentum space. 
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variation, in which the orientational difference of the magnetic and the rota- 
tional axes was considered, were made independently by MURAKAMI (°). 

On the basis of directional measurements of the solar diurnal variation of 
u-mesons at sea level, ELLIOT and ROTHWELL (°) suggested that the anisotropy 
might be produced by some modulation effect in the earth’s magnetic field 
(terrestrial origin). Similar measurements were conducted by PARSONS and 
FENTON (1) and PARSONS (1!) to compare the terrestrial and extra-terrestrial 
origin hypotheses, and there was no definite conclusion in favor of the former. 
Moreover, no theoretical basis for the terrestrial origin has been proposed 
thus far. Yet it was considered worthwhile for further comparison with exper- 
imental results to caleulate the expected diurnal variations for this case, under 
the assumption that the direction of maximum anisotropy would lie in the 
geomagnetic meridian plane. 


2. — Terrestrial origin. 


Two different mechanisms might give rise to the diurnal variation in this 
‘ase. The first is characterized by an anisotropic distribution of cosmic ray 
intensity in momentum space and a uniform distribution of the intensity in 
the position space; and the second by an isotropic distribution in momentum 
space and a non-uniform distribution of intensity in the position space. Only 
the former case will be discussed in this paper. 

Let f(p)dp and f,(p)dp be the directional differential momentum spectra 
of primary cosmic rays in the normal and disturbed states respectively, where f 
is independent of the direction of motion but f, is not. To specify p, we define 
the following co-ordinates: one axis (p,) parallel to the geomagnetic dipole 
axis, and the other two (px, Py) parallel to the geomagnetic equatorial plane, 
as shown in Fig. 1b. In this co-ordinate system, p can be expressed in terms 
of three quantities p, A, and ®, (cf. Fig. 1b). 

The deviation of the directional intensity in the disturbed state from that 


in the normal state is given by 
(1) Aj(p, Ap D,) = f,(P) iW) ’ 
In general, Af can be expanded in spherical harmonics, as follows, 


(2) Ni > {Anm(p) COS (MD) + Bun(p) sin (m@,)} P, (cos 6), 


n, mn 


) K. MURAKAMI: private communication. 

) H. Eruior and P. ROTHWELL: Phil. Mag., 1, 669 (1956). 

(10) N. R. PARSONS and A. G FENTON: Suppl. N, 8, 313 (1958). 
) N. R. PARSONS: Austr. Journ. Phys., 10, 462 (1957). 
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where A,,, and B,, are functions of p, and P* is the associated Legendre func- 
tion of the 1st kind. For the computation of the diurnal variation, only the 
terms of m— 1 are required in the above equation. These terms can be written 


as follows, 
(3) Af(p, Ap, Py) = g(p, Ay) 608 {Py — 8(p, Ay)} ; 


where 6(p, A,), the phase angle, is in general a function of p and A,, but is 
here assumed for simplicity to be independent of these quantities. The di- 
rection ®@,=6 gives the maximum deviation of intensity at the same value 
of A, and lies in a meridian plane through the p,-axis. Hereafter this plane 
is referred to as the reference plane of anisotropy. The direction which is 
determined by the intersection between the reference plane of anisotropy and 
the plane of /,= 0 is called the direction of anistropy, as shown in Fig. 1b. 
Finally, we choose the following formula for Af to simplify the calculation of 
the diurnal variation: 


(4) Af(p, 4p, Dr) = % f(p)(Polp)™ (cos Ap)” cos (D, — 0) , 


where m and n are constant numbers and p, is a definite value of momentum. 
a, is the value of the ratio Af/f at p=p,, 4,=0 and ®,= 0. (Note that 
m and n in eq. (2) are different from those used in eq. (4) and all the sub- 
sequent equations.) 

So far, we have represented Af in terms of momentum, p, but hereafter 
for convenience, rigidity P will be used instead of p. It is assumed that all 
the cosmic rays of different charges (7) have the same form of anisotropy as 
defined by eq. (4) depending only on their rigidity, P. 

We introduce one more parameter, P;, which restricts Af as follows, 


(5) | 
| 


AfCP 71,, Dj), 18 given byseq. UC) NIMES 
Ny AR Al DEDE hi Neem 


By a proper choice of these three parameters m, n and P, in eq. (4) and (5), 
it is possible to express easily the anisotropy expected from a particular theory. 

If Ÿ is the angle between the meridian plane including S and the reference 
plane of anisotropy, as shown in Fig. la, then the ratio of the excess inten- 
sity, AI, produced by the anisotropy of eq. (4) to the intensity, I, in the normal 
state at S is 


co 


(6) D=AIJI= (xl) > | yx(P, @)f2(P, ©)(Po/P)™ (cos Ax)" cos (7 — Way) dP, 


Po 
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where I at an atmospheric depth x g/cm? is given by 


2 


(7) t= Sate, o) ap. 


In eq. (6) and (7), P, is the magnetic cut-off rigidity at S, and y,(P, #) and 
f,(P) are the specific yield function at # and the differential rigidity spectrum 
of the primary cosmic radiation of atomic number Z, respectively. 

In the case of terrestrial origin, the place where the anisotropy is produced 
is at a finite distance from the earth, therefore, strictly speaking, it is not 
correct to use the values of ®, and A, for the asymptotic orbit as the quan- 
tities which determine the deflection angles of cosmic ray between the source 
and the earth. However, if it is assumed that the source is located in the 
earth’s magnetic field far from the earth’s surface, and most of the deflection 
experienced by a cosmic ray occurs between the source and the earth, we can 
use the values for the asymptotic orbit as an approximation. 

Under these assumptions for the anisotropy and for the deflection angles, 
the diurnal variations expected from the terrestrial origin are the same as 
those from the extra-terrestrial origin in which the orientational difference of 
the earth’s magnetic and rotational axes is neglected. Thus, by comparing 
the diurnal variations expected from the terrestrial origin with those from 
the extra-terrestrial origin discussed in the following section, it is possible to 
check the validity of neglecting the orientational difference, mentioned above. 

Considering eq. (7), eq. (6) can be transformed as follows, 


(8) D = A cos (W— <P,»), 
where 
(9) A=VO4 83; (Way = te (S/C), 
and 
fe(m, n, Pi) _ 7-1 F | y , [cos Pal 
a): LA Aa gee | {aI(P, #)|4P} (Pol P)" (cos As)" {cin wf OP 


As is seen in eq. (8), the maximum value of D occurs when the relative 
position of S with respect to the reference plane of anisotropy satisfies the 
condition # = <¥,>, which is referred to as the average deflection angle of 
cosmic rays. <¥,,> has the following relation with the geom: venetic local time (1?) 


(2) A. G. MoNisu: Terr. Mag., 41, 37 (1936); S. CHAPMAN and J. BARTELS: Geo- 
magnetism (Oxford, 1940), p. 646. 


298 


K. NAGASHIMA, V. R. POTNIS and M. A. POMERANTZ 


h 


of the maximum intensity, Ts 


(11) 


Que Sy “an Lo So = LO ALS) ai T rax(81)} b) 


where S, and S, denote the two observational stations. 


For the calculations of A and €W,», we adopt the values of Y, and Ay 


obtained by BRUNBERG and DATTNER (!) for the high rigidity region, and by 
DwIGHT (4) and Frror (5) for the low rigidity region. These are combined 
in Fig. 2a and 26. For the function di/dP, we use the values obtained by 
WEBBER and QUENBY ('%). 
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Pig. 2a. — Why of the asymptotic orbit of the cosmic ray for vertical incidence as a 
function of rigidity obtained by combining those in references (1-15), Geomagnetic 


latitude of the observational station is attached to each curve. 


(18) E. A. BRUNBERG and A. DATTNER: Tellus, 5, 135, 269 (1953). 
(14) K. Dwicar: Phys. Rev., 78, 40 (1950). 
(15) J. Frror: Phys. Rev., 94, 1017 (1954). 
(6) W. R. Wegger and J. J. QuenBYr: Phil. Mag:, 4, 654 (1959). 


ed 


4 


THEORETICAL CALCULATION OF THE SOLAR DIURNAL VARIATION ETC. 299 


The calculations of A and <¥%,> for the nucleonic component at sea level 
were made for the following cases: A= 0°, 35°, 40°, 50°, 60°, 70°, 80°; 
m= 0,1, 2; n=1, 2,4; and P,=0, 5, 10 (GV); where A is the geomagnetie 
latitude of the observational station. Three values for each of the parameters 
m. n and P, were chosen to allow the interpolation or extrapolation of the 
diurnal variation in terms of these parameters. 


90r etre ion ressa pe eh i 
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AS 
È si 
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L È 
-30 = a ee oe a I un ut di. 
10° 10! 102 10 
Magnetic rigidity P in GV 
Fig. 2b. — Ay of the asymptotic orbit of the cosmic ray for vertical incidence as a 


function of rigidity obtained by combining those in references (13-15). Geomagnetic 
latitude of the observational station is attached to each curve. 


In these calculations, we adopted 10 GV for the value of P, and used the 
values of Y, and A, for P = 600 GV_aver the region 600 < P< co. The effect 
of this rigidity interval upon the diurnal variation cannot be neglected for 
the small value of m. We neglected the integration of eq. (10) between 
P.< P<P,, where P, is the lowest limit of rigidity for which values Of CHE 
and A, are available (cf. Fig. 2). The errors introduced by this approximation 


will be estimated later. 
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In the rigidity region, P,< P< 600 GV, the Newton-Cotes formula was 
employed for the integration (*) by choosing the subintervals, AP, as follows: 


i Is air 1 I T F Ti 
m n 
90} (2)(1,2) 
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Geomagnetic latitude A in degrees 
Fig. 3b. — ACED=CPrdA RC TL CE function of the geomagnetic latitude, for 
g. 5 xLE/A= N o/ A» 


the case of terrestrial origin. Three parameters m, ” and P, are shown in the figure. 


(*) The integration was performed on UNIVAC no 1 of the Franklin Institute 


Computing Center. 
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Taste la. — Amplitude A and average deflection angle LY, in degrees, for P;=0 GV, 
based on the terrestrial origin. 


| 
| 
m=0 | Ti | m= 2: | 


| G.M. Lat.| y le ee ee ee 
/ | 
| ù A | CoS. | Al o A, LS 
| | 
| 0 | 0.75 | 39 0.15 82 0.062 104 
35 | 0.62 | 48 0.23 88 0.16 107 
40 0.65 | 50 0.31 86 0.27 102 
| n=1 50 ly NO:77 | 43 058 65 0.79 78 
| 60 0.79 30 0,73 | 38 123) ee 
| 70 | 0.61 | 23 061 |. 24 1.13 25 
| 80 0.31 16 0.33 | 14 0.63 13 
| ee 4 her: È 
| Qe te 0575 39 0.15 82 0.062 | 104 
| 35 | 0.57 |. 50 0.29 | - 89 | “O05 05 
40 0.58 52 0.30 | 86 0.25 103 
=? 50 0.68 45 0,56 | 65 0.76 78 
| | 60 0.66 32 0.69 38 eae | 43 
| | 70 0.40 23 0.48 24 | 0.96 25 | 
80 0.11 16 0.15 14 0.30 13 
0 0.75 39 Oo? | 0.062 104 
35 0.48 55 0.2 DAI ERICA) | 0.14 109 
| 40 0.48 57 0.27 gr | 0.23 104 
a 50 0.57 50 0.52, | 65 | 0.71 | 78 
60 ESC ni 0.64 | 39 | 1.16 44 
70 0.21 24 0.32 | 24 | 0.70 26 
80 0.017 14 0.030 | 13 | 0.073 14 
| | | 
Sera Ta | 
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TABLE Ib. — Amplitude A and average deflection angle x», in degrees, for P,=5 GV, 
based on the terrestrial origin. 


m=0 | m=1 | m=2 | 
\G.M. Lat. L | Le 
A 
A CPS A LA A Bd 
| : 
0 0.75 39 0.15 82 | 0.062 104 
35 0.62 48 0.23 Sao 107 
40 666.90) 350 0.31 86 0.27 102 
ag 50 0.75 39-- | 0.49 b4 | 0.84 61 
go | 070 | 28 0.49 33 0.55 33 
70 0.53 22 0.38 29 0.44 21 
80 0.26 17 0.20 15 0.23 13 
HS EST ee ea ee ee | ae 
| 
0 0.75 39 0.15 82 0.062 104 cdi 
35 .| 0.57 50 0.22 89 0.15 108 | 
40 0.58 52 0.30 86 | 0.25 103 
n=2 50 0.66 42 0.47 54 0.52 60 
60 0.57 30 0.46 33 0.53 33 
AUSTRIA) 0.28 99) 0 54 21 
80 NT 0.077 14 0.097 13 
| i «i. F 
0 0.75 | 39 0.15 82 0.062 104 | 
| 35 048 | 55 0.21 90 0.14 109 
40 agì 87 0.27 87 0.23 104 
Por ds OZ 55 0.49 60 
60 0.43 32 der 10055 0.50 33 
| Oem 0.15 | 93 0.15 21 0.20 20 
80 0.011 15 0.013 13 0.017 12 
| 
| 
hes ; Eu PR ee eee E 
| 
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TaBLE Ic. — Amplitude A and average deflection angle <'Pg>, in degrees, for P;=10 GV, 
based on the terrestrial origin. 


| 


| 


G.M. Lat.| m=0 Wis me 
| A ne ci Es —_ 
A Pr) A CA A Pr) 
| 9 ; a 
| è 
0 0.75 39 0.15 82 0.062 104 
35 0.64 45 0.23 78 0.14 | 92 
40 0.63 | 39 0.23 62 0.14 70 
n=1 | 50 0.57 31 022 | ANA? 0.14 43 
60 0.50 26 020 2 0.12 33 
70 0.36 24 0.15 of 0.092 26 
80 0.18 20 0.072 22 0.047 20 
0 0.75 39 0.15 82 0.062 104 
35 0.59 47 0.22 79 0.14 92 
| 40 0.56 42 0.21 62 0.13 70 
mete? | e356 0.48 34 0.21 42 0.13 43 
60 | 0.37 28 0.17 33 0.11 33 
| 70 | 0.20 25 0.095 27 0.063 26 
| 80 | 0.048 20 0.024 21 0.016 20 
Be —— 2a 
O OL 39 0.15 82 0.062 | 104 
35 | 0.50 51 0:20 80 0.13 93 
40 | 0.45 45 0.19 62 0.12 69 
n=4 50 | 0.37 38 0.19 | 43 0.13 44 
60 0.24 31 0.14 33 0.10 32 
70 | 0.072 26 0.042 26 0.029 | 25 
80 | 0.0045 21 0.0028 20 0.0020 | 19 
E —— i = = a : 
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AP = 0.5 GV for the rigidity region P<20GV; AP=2 for 20< P< 30; 
AP=5 for 30< P< 60; AP=10 for 60< P< 100; and AP=100 for 100< 
USER O00). 

The results are given in Tables Ia, Ib and Ie. For particular cases, the 
latitude dependence of A, normalized at the equator, and of NOY eae 
= <P> ,-0 Pa) are shown in Fig. 3a and 3b, respectively. Table IT, which 
supplements Table I, provides the values of A and {W,> at the equator for 
P,— 20, 30 GV, m=0,1 and any value of n. This allows the interpolation 
or extrapolation of A and <Y,) in terms of P, at the equator. 


Tapre II. — Amplitude, A, and average deflection angle, <P), in degrees, at A—0° for 
P,=20 and 30 GV based on the terrestrial origin. 


| P,=20 GV P;=30 GV 
Mm | i =" 5 = 
| A | Ow» A OW, 
| | 
VO 0.65 38 0.55 27 
| 1 0.13 59 0.079 38 
Cha | 0.041 | 71 0.016 5 


3. — Extra-terrestrial origin. 


We take the geographic co-ordinates as those of the position space and 
define new co-ordinates in momentum space, one axis (p.) of which is parallel 
to the earth’s rotational axis, and the other two (px, Py) parallel to the geo- 
graphic equatorial plane. In this co-ordinate system (Pr, Pr, Pz), Momen- 
tum p is expressed in terms of three quantities p, 2, and g,. The definition 
of 2, and y, is similar to that of A, and ®, for the terrestrial origin (cf. Fig. 10). 

Under the same assumption as in the case of terrestrial origin, we use the 
form for the anisotropy given by eq. (4) which is now referred to the new 
co-ordinates. Then the reference plane and the direction of anisotropy 
defined in the previous section are parallel to the earth’s rotational axis and to 
the geographic equatorial plane, respectively. 

However, for the case of the extra-terrestrial origin, the anisotropy is pro- 
duced in the solar system, and thus could be represented by a simpler form 
in the heliographic co-ordinate system rather than in the geographic co-ordinate 
system defined above. If we use the form for the anisotropy given by eq. (4) 
which is now referred to the heliographic co-ordinates, the reference plane and 
the direction of anisotropy are parallel to the heliographic meridian plane and 
to the heliographic equatorial plane, respectively. However, as far as the 
ned, this form for the anisotropy defined in the 
alent to the same form defined in the geo- 


diurnal variation is concer 
heliographic co-ordinates is equiv 
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graphic co-ordinates. The only difference between these two oan appears 
in the difference of the values of a, and n. This will be discussed in the Ap- 
pendix. Consequently, in the following, we use the form me the anisotropy 
given by eq. (4) which is defined in the geographic co-ordinates (Ps. Pu, Pz): 


Wr in degrees 


È 80° 
li 
i 80°180 
_4ot- a fie eal alle ieri] Sb 


10° 10! 10° 10° 
Magnetic rigidity Pin GV 
Fig. 40. — py, of the asymptotic orbit of the cosmic ray for vertical incidence as a 
function of rigidity. Geomagnetic latitude and longitude of the observational station 
are attached to each group of curves and on each curve, respectively. 


In order to calculate the diurnal variation produced by this anisotropy, 
it is necessary to use the geographic representation (y,,, 4x) of the asymptotic 
orbit. A, and y, are the geographic latitude of the asymptotic orbit (measured 
northward positive), and the rotational angle of its geographic meridian plane 
with respect to the geographic meridian plane including the observation sta- 
tion, S (measured eastward positive). These are obtained by a transformation 
of W, and A, from geomagnetic to geographic co-ordinates. In this trans- 
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formation, À = 78.5° N, and g= 291° E were used as the geographic position 
of the geomagnetic north pole. The results (1) are shown in Fig. 4a, 4h, +e 
and 4d, in which we can see the geomagnetic longitudinal dependence of wp 
and A, at the same geomagnetic latitude. 
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L 


2 1720 
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a 80- 
> a 
40 . Ò = 
pap 70 = | 
= 5 SSS 4 
È 00 — === 7 
0 240 =| 
L | 
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È 
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Magnetic rigidity P in GV 
Fig. 4b. — y, of the asymptotic orbit of the cosmic ray for vertical incidence as a 
i i E È È . . . a È a eae . 5 " . 
funetion of rigidity. Geomagnetic latitude and longitude of the observational station 
are attached to each group of curves and on each curve, respectively. 


Using the quantities defined above, we obtain the following equation rep- 
resenting the diurnal variation which is quite similar to eq. (8). 


(12) D = wa cos (py — Wa), 


(1?) The same results have been plotted in a different manner on the global diagram 
for specific stations by BRUNBERG. E. A. BrunBERG: Fellus, 8, 215 (1960). 
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where 
(13) a=Ver+ s?; Cyr) = te (s/c) , 
and 
S (o 
c(m, n, = d RARA {cos vel gp 
4 (Cu: Sr il dI(P, x)/4P}(10/P)™ (cos Ax)" 3°. 
do ls(m, n, P;) CH (sin vol 
Po 
e ee mu a] n SSS, 
80 =a 
| 80° 0 | 
60}- | 
-60,300 
F -60°, 0 
-40° 120 
40 à 
un 
® 
È “ 
4 F 
STAI “I 
z 
hi + 
O}- ae 
È 
EI | 
AQ = Zi 
1 I (See se eal L ail fie Te sre O ell = test Pere 
10° 10! 10° 10° 
Magnetic rigidity Pin GV 
Fig. 4c. — Ay of the asymptotic orbit of the cosmic ray for vertical incidence as a 


function of rigidity. Geomagnetic latitude and longitude of the observational station 
are attached to each group of curves and on each curve, respectively. 


In eq. (12) y is an angle between the geographic meridian plane including S 
and the reference plane of anisotropy. <y,> is the average deflection angle 


(cal 
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of cosmic rays and has the following relation with the geographic local time 
of the maximum intensity of the diurnal variation, ¢ 


max) 


(15) Prg, — Ves, = 15{tmax(80) mr tnax(S1)} À 


where S, and S, denote the two observational stations. These defintions of y 
and «y,» are similar to those of Yand <¥,,> for the terrestrial origin (cf. Fig. la 
and Section 2). 


100 è T Tassa] 


80 
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Fig. 4d. — 2, of the asymptotie orbit.of the cosmic ray for vertical incidence as a 


function of rigidity. Geomagnetic latitude and longitude of the observational station 
are attached to each group of curves and on each curve, respectively. 


As mentioned in the previous section, owing to a finite distance between 
the earth and the source where the anisotropy 1s produced, the values of A, 


20 - Il Nuovo Cimento. 


309 


310 K. NAGASHIMA, V. R. POTNIS and M. A. POMERANTZ 


and VY, for the asymptotic orbit were used in eq. (6) as an approximation to 
express the deflection angle of a cosmic ray particle between the source and 
the earth. On the contrary, for the present case, the distance between the 
source and the earth can safely be assumed to be infinite, so eq. (12) holds 


exactly. 


AY Op i= a = 


3.0 


Relative amplitude a 


0.1 1 eet —= 


0 60 120 180 240 300 0 
Geomagnetic longitude D in degrees 


Fig. 5a — Amplitude, a, normalized at A=0° and ®=0°, as a function of the geo- 
. . 5 
magnetic longitude for m=1, n=1 and P;=10 GV, based on the extra-terrestrial 
origin. Geomagnetic latitude of the observational station is attached on each curve. 
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Using the same approximations as in the previous section, the amplitude, a, 
and the average deflection angle, <y,>, for the nucleonic component at sea 
level were calculated for the following cases: A= 0°, 35°, 40°, 50°, 60°, 70°, 


T Te 7 065" T T T 
220|- 
200! 
180} 
Mz 
n= 
160+ P: =10 GV 
140+ 
n 
120 
AS 
C4 ° 
5 | 80 
= 100 
LES 
3 © 
3 90 
<q 80 70° 
60° 
60+ 50° 
40- o 
<A 40 
20 i 35° 
On 
0 
22002 L 1 = Î I 
0 60 120 180 240 300 0 


Geomagnetic longitude È in degrees 


Fig. 5b. — ACyr> =<Yr) 4-0, 6-07 <Ymr4, o> A8 a function of the geomagnetic longitude 
for m=1, n=1 and P;=10 GV, based on the extra-terrestrial origin. Geomagnetic 
latitude of the observational station is attached on each curve. 
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80°, 90°; 6=0°, 60°, 120°, 180°, 240°, 300°; m= 0, 1, 2; n=1, 2, 4; and 
P,=0, 5, 10 (GV), where A and ® are the geomagnetic latitude and longitude of 
the observational station, respectively. The results are given in Tables IITa, b, ¢, 


180° 


Fig. 6a — Distributon of the amplitude, a, normalized at A—0° and ®=0°, on the 

geographic polar map for m=1, n=1, and P;=10 GV, based on the extra-terrestrial 

origin. Thick and thin lines represent contours of equal amplitude and geographic 
co-ordinates, respectively. 


IVa, b,c and Va, b,c, which are limited to the northern hemisphere. The 
diurnal variation in the southern hemisphere at the geomagnetic latitude A, 
and longitude ®, is equal to that in the northern hemisphere at À —— A, 
and @= D,+180°. 

Table II computed for the terrestrial origin is applicable also in this case 
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as a supplement to Tables TIT, IV and V, because there are no differences be- 
tween A and a and between <¥,,> and <p) at low latitudes (cf. Tables I, 
Tis LV and VY): 


on the geographic polar 


Fig. 6b. — Distributon of ACyr) = LYRd 4-0, © -0 — “YEA, ©» 
n=1 and P,—10 GV, based on the extra-terrestrial origin. Thick and 
and geographic co-ordi- 


map for m=1, 
thin lines represent contours of equal value of A<p,>, in degree 
nates, respectively. 


Ge 

As an example, the geomagnetic longitudinal dependence of amplitude a, 
normalized at A= 0° and ®=0°, and of A(y) = GU ee waa VITE 
shown in Fig. 5a and 5b respectively, for the case m=1, n=1 and P;— 10 GV. 
The distributions of these normalized values on the geographic polar maps 
are shown in Fig. 6a and 6b for the same case. 
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4. — Discussion and conclusion. 


41. Error estimation of the diurnal variation. — As mentioned in the pre- 
vious sections, we used the quadrature of Newton-Cotes formula for the in- 
tegration of eq. (10) and (14) in the rigidity region P,< P< 600 GV. The 
estimated errors introduced by this quadrature were 3% in amplitude and 1° 
in the average deflection angle at the equator for the case m= 0. From this 
estimation it could be inferred that the errors at other latitudes for various 
values of parameters are within about 4% in amplitude and 3° in the average 
deflection angle. 

We neglected the integration of © (or e) and S (or s) given by eq. (10) 
(or eq. (14)) in the rigidity interval P.< P<P,. The values of P, and P, 
in GV are respectively 14.9 and 15.5 at A= 0°; 6.7 and 9.0 at Are ire) 
and 7.0 at A= 40° and 2.5 and 3.5 at A=50°. Then, for the case P;<P,, 
the results contain some errors which will be estimated as follows. 

The diurnal variation produced by the anisotropy in the neglected rigidity 
interval is given by 


(16) AD = a AA cos (¥ — <AY¥,>) ; 
where 
(17) AA = V(AC)? + (AS); (AP) = tg-1 (AS/AC) , 
and 
AGES ie 4 n 008 Pr] 
(18) fast 1 on (P, «)AP}(10/P)*(cos Ax)" Lin yy | AP : 


In the interval P,< P< P,, the function {dI(P, x)/dP}(10/P)™ in eq. (18) 
can be replaced by an average value «{d/(P, æ)/dP}(10/P)"», and (cos Ax)" 
can be approximated to unity since A, tends to oscillate near the equator. 
Further, we assume the following representation of y, as a function of P in 
the interval P.< PP: 


(19) PL EP) at 
Where q and r are constants which satisfy the boundary conditions at P= P;: 


Y,=W,(P,) and d¥,/dP = (dP,/dP 


)p-p, 


and are given by 


(Mer 2) dy dP), 
(20) 
jr (PB) (PP) jdP 


ere 
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Then, AC and AS can be integrated as follows: 


(21) Da = (g/I)<(AI[AP)(10/P)")|yr! ae a Pi a a 
ee | ain | Bi feos 7] 
+ Ci) | cos rf A (sin rf}? 


where y, = W,(P,)—7r, and S;(y,) and C,(y;) are sine and cosine integrals. The 
calculated values of AA and <A¥,> are listed in Table VI, for the case of ter- 
restrial origin. At latitudes higher than 50°, the magnetic cut-off rigidity, P., 
should be replaced by P x2 GV in view of the atmospheric cut-off, so 
(2 — JE =) aol nen AVD= È 

As is seen in Tables I and VI, the value of the ratio AA/A is about 0.03 
for m= 0, but increases to about 0.1 and 0.2 for m= 1 and 2, respectively. 
Thus, the contribution of this rigidity interval to the diurnal variation can 
not be neglected in such latitudes, for large values of m. In these cases, it 
would be better to correct A and <7,» by AA and <«A7,), although the 
procedure for obtaining the correction terms is only approximate. 


TapLe VI. — Estimated values of the amplitude, AA, and the average deflection angle 
AW», of the diurnal variation produced by the anisotropy in the rigidity interval, 
TA le Nea 

08 DO | 45° 50° 

Mm : E ir Ven co ; KE es ih 
NAMOIRLAUS AA | CAVE SE | <A> AA | APRD 

0 0.013 | 0.022 |) 0.032 | | VOIR | 
Il 0.0086 | 225° 0.029 DÌ DIE 0.054 | 2370 0.043 |b 183° 

2 0.0057 | 0.040 |] 0.095 | 0.14 | 


In the case of the extra-terrestrial origin, the diurnal variation produced 
by the anisotropy in the neglected rigidity interval is given by 
(22) AD = w Aa cos (y — <Ay,>) . 
In eq. (22), Aa and <Ay,,>, defined by the equations similar to eq. (17) and (18), 
depend on the geomagnetic longitude of the observational station. However, 
these values can be replaced to a good approximation with the values of AA 
and AY,» in Table VI which are independent of the geomagnetic longitude. 


Even in the worst case, the errors introduced by this substitution are about 
30% in Aa and 15° in <Ay,)>. 
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4°2. Altitude correction. — In order to determine the altitude dependence, 
calculations of the diurnal variation of the nucleonic component for the atmos- 
pheric depth «= 680 g/cm? at several latitudes were performed for the case 
of the extra-terrestrial origin. 

The diurnal variation itself depends on the geomagnetic longitude. How- 
ever, the ratio of the amplitude, k= a(x = 680)/a(@=1030), and the differ- 
ence of the average deflection angle, A<ppd, = <Yn)x=680 — (Yu2=10309 be- 
tween two different altitudes at the same geomagnetic position for the same 
values of m, n and P, do not show any strong geomagnetic longitudinal de- 
pendence. These are listed in Table VII. The indicated errors were obtained 
from the calculations at geomagnetic longitudes = 0°, 120° for latitude 
A= 0°; D= 60°, 120°, 300° for A=50°; and D=120°, 300° for A= 60°. 
These values represent altitude correction factors for the diurnal variation at 
any longitude. They also apply to the case of terrestrial origin. 

As shown in Table VII, the value of R is larger or smaller than unity 
according to a particular choice of the values of m and P,. Hence, the ampli- 
tude of the diurnal variation at high altitude could be smaller than that at 
sea level. On the other hand, the value of A<wy), is larger than or equal to 
zero. Hence, the geographic local time of the maximum intensity at high 
altitude is earlier than or equal to that at sea level. 


TABLE VII. — Ratio of the amplitude, R—a(x—680)/a(x— 1030), and difference of the 
average deflection angle, Aya = <Wr}x=680 — 4pr)y-1030, between two different altitudes, 
x=680 and 1030 g/em? (for n=1). 


| P | m > 0 1 | 2, 
i Na = J È = 
tn Kos alpi Ape! ak AC) 
RC 0:96 |10° | 1.24 i | 2° 
0 | 50° | 0.99+0.03 | 9°41° | 1.304001 | 7° | 1.49 RENE 
| 60° | 1.07-40.03 | 4°42° | 1.46+0.02| 3° | 1.7340.02 | 3° 
| | | 
0° | 0.96 ilo 1:24 [ie 1:26 2° 
5 | 50° | 0.9540.03) 6°+1° | 1.17+0.02 | 3° | 1.27 2° 
| 60° | 0.96+0.02 | 2°+2° | 1.16+0.01 0° | 1.26+40.01 | 0° 
| 
| 0° | 0.96 10° | 1.24 1° | 1.26 2° 
| 10 | 50° | 0.83+40.02 | 4°+1° | 0.98 0 | 1.01 0° 
| = 60°) |) 0'83-£0.02-/ °3°-4 1° |.0.97 0° | 1.0040.01 | 0° 
| | | | 


43. Comparison between A and a, and between <> and <y,>. — At geo- 
magnetic latitudes higher than 50°, the amplitude, a, for the extra-terrestrial 
origin depends on the geomagnetic longitude, in contrast with the amplitude, 
A, for the terrestrial origin (cf. Fig. 5a or Tables III, IV and V). On the 


x 21 - Il Nuovo Cimento. 
oD 
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contrary, at latitudes lower than 50°, the values of the amplitude a are almost 
constant and nearly the same as those of A (cf. Tables I, III, IV and V). 

For the case of the terrestrial origin, <Y%,> is constant at the same geo- 
magnetic latitude, hence the geomagnetic local time of the maximum inten- 
sity, Tnx) is also constant at the same latitude. If we transform T.. (A) 
to the geographic local time #,. (A, ®) at the observational station (A, D), 


max 
then ¢,,. (A, ®) shows the geomagnetic longitudinal dependence, which is 
similar to that of the geographic local time of maximum intensity, tx (4, 2), 
expected from the extra-terrestrial origin. In general, the relation between 
the geomagnetic and the geographic local times depends on the declination 
of the sun (12), and so equinox was chosen for the specification of the solar 
position in the present transformation. 

The longitudinal dependence of #,, and ¢,. is shown in Fig. 7, where the 


max 


T ] T T T 


— Terrestrial origin 
----Extraterrestrial origin (n=1) 


1 1 
0° 60° 120° 180° 240° 300° 0° 
Geomaanetic lonnitude 
Fig. 7. - Geomagnetic longitude dependences of At=tmax(A, D) — trax(4, 0), expected 


from the terrestrial (full line) and the extra-terrestrial (dashed line) origins, for several 
geomagnetic latitudes. Three parameters m, n and P, are shown in the figure. 
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function At is defined by the following equation for both terrestrial and extra- 
terrestrial cases, 


(13) At =t 


‘max 


(A, D) — È 


ia | 


Rte 


As is seen in Fig. 7, the maximum difference between the values of (ALD) 
or #,. (A, ®) at the same latitude is more than one hour over the region of 
middle and high latitudes, irrespective of the particular choice of the values 
of m and P, given in the figure. It must be remembered that Af° for the 
extra-terrestrial origin is a function of m, n and P,, whereas At' for the ter- 
restrial origin is not, and is simply determined by the geometrical positions 
of the two stations. 

At latitudes lower than 50°, there is no significant difference between At 
and At’. Moreover, there is no marked difference between the values of 
BD 1 and Cn) 1,0 -0 at these latitudes, as is seen in the comparison between 
Table I and Table III, IV or V. Thus, t%, (A, ®) is nearly the same as 
ti. (4,®) at these latitudes. 

From the above comparisons between A and a, and between <7,) and 
<p>, it can be concluded that the diurnal variations expected from the ter- 
restrial and extra-terrestrial origins are the same at latitudes lower than 50° 
for small values of n, but are quite different from each other at latitudes higher 
than 50°. 

This conclusion justifies neglecting the orientational difference between the 
earth’s rotational and the geomagnetic dipole axes for the calculation of the 
diurnal variation based on the extra-terrestrial origin, but only for latitudes 
lower than 50°. If the values of A(A) and <yy), are known for these lati- 
tudes, the values of a(A,®) and <y,>.,5 can be obtained approximately 
by, the following equations, 


{ a(A, ®) & A(A), 
(24) 
[ Wuso © Co a At’, 


where At‘ is given by eq. (23). 


4°4. Parameters m, n and P;. — The expression for the anisotropy, Af, given 
by eq. (4) contains three parameters, m, # and P,. The parameter, m, deter- 
mines the rigidity dependence of Af (i.e. Afoc P"). The parameter, n, de- 
termined the directional dependence of Af with respect to the plane parallel 
to the geomagnetic or geographic equator (i.e. Afa (cos Ay)” or x (cos 2e) 
PIS à definite value of rigidity, for rigidities smaller than which Af is zero. 
It is possible to determine the most suitable values of these parameters, by 
the comparison of the calculated and observed diurnal variations. The cal- 
culated diurnal variation depends strongly on the parameters, m and. P;, but 


~ 
a 
nm 
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does not show any strong dependence on n except at high latitudes. This pro- 
vides a simplification in the analysis of the diurnal variation. 

The expression for the anisotropy could be easily utilized in terms of several 
earlier theories by the appropriate choice of these three parameters. For 
example, the anisotropy produced by the isotropic distribution of the cosmic 
ray intensity in the sun’s rotational frame of reference, suggested by ALFVEN (8), 
characterized by m=0, n=1, and P;—0; the anisotropy produced by 
the ordered magnetic field frozen in the solar stream, proposed by DORMAN (°) 
and by one of the present authors (7), is approximately characterized by 
m=1, and P;#0. Finally, the anisotropy produced by the disordered mag- 
netic field frozen in the solar stream proposed by one of us (15), is character- 
ized by m=0 and n=1 for 0< P< P,; by-m = 1 and »=1 for Py P— Fe; 
and by m=2 and n=1 for P,< P< oo, where P, and P, are critical values 
of rigidity. More detailed discussion about the relation of these parameter 
to particular theories will be published later. 


APPENDIX 


Expression for the anisotropy. 


In general, any anisotropy can be expressed in the form of eq. (2) in any 
co-ordinate system in momentum space. Among these systems we can choose 
the most suitable co-ordinate system for the simple representation of the 
anisotropy. For the case of the extra-terrestrial origin, this is the heliographic 
co-ordinate system, one axis (p.) of which is parallel to the heliographic zenith 
axis and the other two (pi, p,) parallel to the heliographie equatorial plane. 
In this co-ordinate system, momentum p can be expressed in terms of three 
quantities p, À, and gy. The definition of 2, and g, is similar to that of A, 
and ®, for the terrestrial origin (cf. Fig. 10). 

Under the same considerations as in the case of the terrestrial origin, we 
assume the anisotropy can be expressed by the following formula similar to 
eq. (4), in the pi, Py; p. co-ordinates, 


(25) Af(p, Boy 9h) = xof(P)(PolP)™ (cos 45)" cos (gs — d'), 


where 6’, the phase angle, is a constant and m' and n' are parameters. In 
this case, the reference plane of anisotropy is not parallel to the geographic 
meridian plane but rather to the heliographic meridian plane, and the direction 
of anisotropy is parallel to the heliographic equatorial plane. 

If we transform eq. (25) from the heliographic co-ordinates (pi, p,, p.) to 
the geographic co-ordinates (p,, p,, p.) defined in Section 3, the transformed 
representation Af(p, 2,, p,) for the anisotropy is more complicated than eq. (25). 
(The definition of 4, and g, is given in Section 3). However, as far as the 


(18) K. NAGASHIMA: Proc. of Moscow Cosmic Ray Conf., 4, 240 (1960). 
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diurnal variation is concerned, we can take only the terms of Af(p, A,, Py) 
which contain cos y, or sin g,. These terms can be written as follows, 


(26) Af(P, Avy Pv) = xof(P)(PolP)"M(A,) COS (Pp — 0) ; 
where m= mM’. 

In eq. (26) 6 is the phase angle in the p,, p,, p. co-ordinates and is inde- 
pendent of 2,. Then, we can define again the reference plane of anisotropy 
in the p,, Py; pz co-ordinates which includes both the p.-axis and the direction 
of anisotropy defined in the ps, p,, p, co-ordinates. 

The quantity, h, in eq. (26) is a function of 4, and depends on do which 
is the value of À, for the direction of anisotropy defined in the Das Puy D: 
co-ordinates. The ‘graphical representation of h(A,) is shown in Fig. 8 for the 


° 
10 TESTER T FIESTA 


Solstice 
RR Equinox 


h(Ap) 
©, 


e ee nl et = 
10° 10° 10 
cos Ap 


Fig. 8. — Functional dependence of h upon cos 2,. Details are given in the Appendix. 


cases in which the reference planes of anisotropy defined in the Pas Pur De 
co-ordinates are parallel to the heliographic meridian planes including equinox 
(A% = 0°) and solstice (Ap = + 23.5°), respectively. 

As is seen in Fig. 8, h(/,) is exactly proportional to (cos Ap)"(=P for the 
case n'=1 and is nearly proportional to (cos A,)" for the case n°=2, hence 
eq. (26) can be written as follows, 


(27) Af(p, A, Pr) = %of(P)(Po/P)™ (cos Ap)" cos (Py — d) . 


From the above considerations, we are able to use the form given by 
eq. (27) in the px, Py, Dz CO- ordinates as long as the anisotropy produced by 
the extra-terrestrial origin is given by the simple form in the p,, Py; Pi co-ordi- 
nates, as defined by eq. (2 i 


a 
Gc} 


ne 
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As is seen in eq. (25), the anisotropy for the case of n'= 1 is proportional 
to cos w! (= cos À, cos (y»—6)), where @' is the angle between a direction 
(2, gs) and the direction of anisotropy (0, 0’). Therefore, in such a case, the 
anisotropy can be expressed by defining only the direction of anisotropy without 
specifying the reference plane of anisotropy. As discussed above and shown 
in eq. (27), the transformed representation for such an anisotropy from the 
pi, pi, Pe co-ordinates to the p., Py, p co-ordinates is exactly the same as 
eq. (25), except the difference of the coefficients x and «, which are related 
mutually by the following equation: 


! chi a 
(28) y — do COS Ap, for “iia 


In eq. (27), the value of & for the case n= 1 and the values of a and n 
for the case n’~1 depend on À; defined above, and the anisotropy is a sym- 
metric function of À, about the plane of 2,= 0°. This dependence and sym- 
metry of the anisotropy could be one of the causes for the equinox effect of 
the diurnal variation, which has been pointed out by SEKIDO and YOSHIDA (?:20). 


(19) Y. Sexipo and S. YosHipa: Journ. Geomag. Geoelectr., 2, 66 (1950). 
(20) S. Yosuipa: Nuovo Cimento, 4, 1410 (1956). 
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Formulando una espressione dell’anisotropia dell’intensità dei raggi cosmici pri- 
mari, si calcola la variazione diurna solare prevista della componente nucleonica della 
radiazione cosmica al livello del mare a varie latitudini e Jongitudini geomagnetiche 
nei casi seguenti: (a) l’anisotropia si produce al di fuori del campo magnetico terrestre 
(origine extraterrestre), e (b) l’anisotropia si produce entro il campo magnetico terrestre 
(origine terrestre). In questo calcolo si tiene conto della differenza di orientazione fra 
l’asse di rotazione e l’asse del dipolo geomagnetico della terra. Questa espressione 
dell’anisotropia, Af, contiene tre parametri m n e P,. Il parametro m determina la 
dipendenza di Aj dalla rigidità, nella forma Aj oc P-™. Il parametro n determina la 
dipendenza di Af dalla direzione nello spazio degli impulsi rispetto al piano parallelo 
all'equatore geomagnetico o geografico nella forma Af c (cos 0)", in cui 0 è l’angolo 
fra quel piano e la direzione suddetta. P; è un determinato valore della rigidità; per 
rigidità inferiori a questo valore Af è nullo. Questa espressione dell’anisotropia può 
essere facilmente utilizzata per ogni descrizione di un modello di produzione della 
anisotropia scegliendo opportunamente questi tre parametri. È anche possibile deter- 
minare i valori più adatti di questi parametri per confronto fra le variazioni diurne 
calcolate ed osservate. Il tempo geografico locale della massima intensità presenta 
una dipendenza dalla longitudine geomagnetica per origine sia terrestre che extraterrestre. 
D'altra parte l'ampiezza presenta una dipendenza dalle longitudini a latitudini mag- 
giori di 50°, solo per l'origine extraterrestre. A latitudini inferiori a 60° non si ha 
alcuna differenza significativa fra le variazioni diurne previste per origine terrestre 
od extraterrestre. Si ottengono i fattori di correzione per l'altitudine per la compo- 
nente nucleonica. Questi fattori sono quasi indipendenti dalla longitudine geomagnetica 
della stazione di osservazione. 


(*) Traduzione a cura della Redazione. 
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Dispersion Relation and Analiticity of a Production Amplitude. 


G. MOHAN 


National, Physical Laboratory - New Dehli 


(ricevuto il 23 Settembre 1960) 


Summary. — A dispersion relation and certain analyticity properties 
of the amplitude for a process like n+7 >n'+7'+7" has been studied 
on the basis of the Jost-Lehmann-Dyson integral representation of the 
causal commutator. 


1. — Introduction. 


Although the dispersion relations for elastic scattering is now well-estab- 
lished theoretically and is in conformity with experiments, a similar development 
for inelastic scattering has not progressed very far except for processes invol- 
ving electrons and photons ('). The difficulty is both, experimental as well 
as theoretical. 

On the theoretical side there appears to be, at first sight, many general- 
izations possible of the techniques (**) used in elastic processes, but not all 
of them are successful. POLKINGHORNE (*) has proposed certain dispersion 
relations for meson production. LOGUNOV and TODOROV (’) and VLADIMIROV 
and Loaunoy (2) have studied this problem in the spirit of Bogoljubov’s method. 


(1) R. Ornme and J. G. Taytor: Phys. Rev., THIS, Gi (RES) 

(2) V. S. Vrapimirov and A. A. LoGuNov: À proof of some dispersion relations 
in quantum field theory (preprint). 

(3) N. N. BogoLsuBov, B. V. MEDVEDEV and M. K. PoLivanov: Lecture notes. 
translated at the Institute for Advanced Study (Princeton, N.J., 1957). 

(4) H. J. BREMERMANN, R. OEHME and J.G. TAYLOR: Phys. Rev., 109, 2178 (1958). 
(5) H. LEHMANN: Nuovo Cimento, 14, 153 (1959); 
(6) J. C. PoLKINGHORNE: Nuovo Cimento, 4, 216 (1956). 
(7) A. A. Loaunov and I. T. Toporov: Nucl. Phys., 10, 552 (1959). 
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The full solution of this problem will require a better understanding of the 
three point r-product. We make use of only the causal commutator to obtain a 
partial understanding of a dispersion relation and of certain analyticity pro- 
perties with respect to mass and momentum transfer variables for the pion 
production amplitude. 

In order to avoid complications not connected with the principles of the 
method employed we shall ignore spin and isotopic spin although the whole 
development presented here is tuned to the pion-nueleon system. Another 
simplification is introduced by assuming that no subtraction in the dispersion 
relation is needed. 


2. — Dispersion relation with imaginary mass. 


We study the collision of a nucleon and a pion of momenta p and k respec- 
tively, resulting into a nucleon and two pions of momenta p', k' and k” respec- 
tively. Assuming invariance under time reversal one may invert the roles of 
incoming and outgoing particles and consider the transition probability am- 
plitude 


<p,, E (out) |p’, k’, k" (in)> = 2xi 6(p +k —p'—k'—k")M™ , 


where 


(2.1) Md | dix exp [$i(h + k)a]p|[J(42), J(—42)]-|p'k"(in)> O(a) . 


Do 


It is not possible to separate M°" into real absorptive and dispersive parts 
by the conventional way. This difficulty is removed (5) by working with a 
slightly different amplitude 


fa 


(22) M=i [ave exp [Bi(k + Fr] |LI(42), Ito) |P), 


where 


IT,Il 1 IT (3 IT"! 
\p'E()) = Di {| p'k"(in)> —|p'K" (out)>} . 
The absorptive part takes the usual form, 


23 Im 1 divexp [HUE +] TJ), Itp), 


(8) K. Isxrpa: Progr. Theor. Phys., 22, 499 (1959). 
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which can be expressed in terms of a simpler quantity 
GA) =p = | din exp [HE + k')a]<p [I (har) J(— ban) | pK") = 
= (2n)*| <p|J(0)|p +k, <p +k, a|J(0)|p'K') 


There are ten independent scalars formed from the four independent energy- 
momentum vectors of the initial and final particles. We choose the following 
set of invariant kinematic parameters (*): 


DEE? a PG (& +k’) (p — p') 
NICE TT 2V- (pp 


a0) 


(2.5) V? = (p'+K"), Q? = (p— p') = (K'— &)?, 
0 WAR ma=pa=p", ua =, 
olii 


Here Q and K' represent the 4-vectors (p—p') and (k'+%") respectively. 
Notice that among the particle masses the incoming meson mass k? and the 
outgoing meson mass kh” will be treated as a variable. The nucleon mass and 
the outgoing mesons Mass k” are fixed at their physical values right from the 
beginning. 

One obtains, from (2.3) and (2.4), 


(2.6) A(w, 2) = 3[P(@, 2) — p(—w, — 2), 


where the kinematic parameters, other than and Q have been suppressed 
because they take the same value in all the terms. Strictly speaking, g ex- 
pressed through the eq. (2.4) does not make sense for non-physical es 
definition for g is given later from which continuation to non-physical k'? is 
obtained. A similar generalization of M in eq. (2.2) is assumed. 

We specialize to the Briet frame of reference 0, characterized by the 
relation 


PR De 0s 


with the third axis chosen in the direction of p. 


(*) Instead of o? we shall later use t=k(p p'V Q?; note that 


of = Hu? + Q2) + Ar — DIV —Q. 
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In this system 


(2.7). £(k+ Wa = on, + Ox,— Vo? — HH pe? + 207) — 22 -(e,%, + €242), 


where ¢;+e;=1. With the usual formulation of microscopic causality it is 
found that M is an analytic function of o=@,+im, in a region À, de- 
fined by 


that is, with ¢=¢,+ 1¢,, 


Oy = WU. wi > HG + w? + 20? + 40?) 


and 
{a a eee (ae "Sara Fo 
20. fo, V wi — H+ pw? + 2024 4Q?)\< 


eG an = : Woy 
EG < 20, {0, + Voi — H+ 4? + 20° 4 40?) +. 


Choose ¢,< —yw?— 20°— 40%, {, = 0. Then M is regular (*) in the entire upper 
half complex ©-plane. Ignoring the need for substractions we can write 


1s | Ato, 2 
(2.8) M(o, À) = — [ deo’ i wa 0, 
I wo’ — © 
= fac en es 
AT y wo — 0) oO + © 


This is the desired form of dispersion relation for the non-physical incoming 
meson mass. Our next objective is to see if one can analytically continue both 
sides of the above equation on to the physical value. 


3. — Analyticity with respect to ¢. 


At this stage it is convenient to switch over to the invariant W?— (p+k)? 
in place of ©. The relation between © and W? is 


| We = Vimi Go + VE GIL 418, 
(3.1) | d a : 


Ls =4$(V24 m2 + 20? usi 


(") Proper symmetrization with respect to (e,, €») ~(—e,, —e,) will be assumed in 
order to eliminate the branch point at ?—= £(C+y?2+ 202+ 402). 
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We explore the analytic property of g with respect to ¢. The second factor 
on the right hand side of equation (2.4) can be analysed as follows: 


9 ¢ / 17 \ 1 / * k 
(3.2) <p +k, «|J(0)|p'k"\—)> = Di (p +k, a|J(0){ain(k") — asa) po 


= 120) | dix exp [— ik"x] <p +h, «|J(0)d (2) (vo = 


= bea)? | <p +k, a|J(0)|p'+ 8", a! ><p'+ BY, a! |J(0) |p « 


Therefore, 


‘CRW i= 400% | (pT) |p +h od (p +k, a; p' +h", a')<p' +k", a |S (0) | pSS 


where 
J(p+k, a; p’' +k", x) = <p+k, «| J(0)|p'+k", « 


The Jost-Lehmann-Dyson integral representation yields, 


(3.4) a O +k, a; p'+k", «') [arr avr [a] dx’ 
: Pile, pH, uy) Pale, pit Wi, Ws) 


—(q—u) ee (qu)? 


where 


(3.5) x = Max (0 3u | (È aL k | 0] Sena | (" ssh n «) | 
22 Max la m + |] (rta n) “ap | (CEE vy. 


(*) LZ. represents the torward light cone. 
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It is important to note at this stage that 
Op +k, p' +k", u, uv’, 2%, e) = 


“ fre +h, a; p'+k", a) O,(a, p +k, u, x) D(a", p'+k, u' x), 


an’ 


depends only on the scalars 


(p+khe=W, (pi +hy=V*, (pt+k—p'—k' =, (p+ku, 


(p't+tk")u, (p+k)w, (p'+k'}u', wu, w, ue Card ec 


and is independent of the momentum transfer parameters Q?, o?, the variable 
meson mass è, and ©, The dependence on these parameters is only through 
the denominator of the above integrand. 

In order to simplify the problem of finding the minimum of certain expres- 
sions which will be obtained presently we will write the 4-vectors u, (p+k), 
and q in the c.m. system O,, characterized by p+k=0, and w', (p'+k"), q’ 
in a frame of reference O, characterized by p+ k" = 0. We choose the di- 
rection of k’ as the Z-axis in either system. The components w, of a 4-vector 
with respect to O, are related to the components w,’ of the same vector with 
respect to 0, by the equations 


Wi = OW, 
where 
: 0 0 Z 
/1 — v? | V1 — 0! 
} 0 Il 0 0 
(3.6) Ay = ? 
0 0 1 0 
===) 1 
— 0 0 SS 
1/1 == Ay VI — v? 


CELTI 


The transformation matrix is function of W, V and w only, 


| je k'(p + k) W? + u? — V2 
vo 


A W ” > pe 
(5.3) 
oi PERNO 
4 — k — = 2 A SA 
| Po + Fo w TT 


DISPERSION RELATION AND ANALYTICITY OF A PRODUCTION AMPLITUDE 337 


It is easily verified that pî°+% also depends only on W, V and 4, further 
pr k= 0. 


In the following, mixed scalars like (p+k'):u' should be understood to have 
been written in the form a, (Py+ kw", If polar co-ordinates (r,0,g) are 
introduced for the space components of a 4-vector in the c.m. system then 


r sin 0 = r°? sin 0° 
(3.9) 


() 


p=Y 


because the 1 and 2 components are not altered by the transformation 
matrix a,”. We introduce the polar co-ordinates 

(U, 6, y) for wu 

Ce GP oe) for ut" 

(a, x, P) for q 

EE) Oa 


and note the following invariant expressions for the quantities occurring in 
the integrand of eq. (10) 


CAUSES OW — Se ow” 


(ED eee 2 (Wem et) AW me 
(add) =a? ek (ee | a an = 


(pe ax KM) (pe? ‘Lupe Kk) me — È 
ae De 


CNT 


(Vasa? EC Am 
| Av? 


= 


(Bula), (alte 


Turning back to the equation (3.4) we find that the y, and g' dependence 
of ® is only through ww’ and henee only through 


uu + au = UU' sin 6 sin 0! cos (p —¢') - 
Choosing the new variables g and 9, = g—q' instead of p and g' and integ- 


L= 


Ce) 
ca 
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rating over g we obtain 


Ide 2a fat UT, UO 9700) UU sind sino 


D f ® 2" | al 


AA! lv —1 a nak È Zi [eae Wira I Va? SE osi (Pr + p— B') 


where 


A= 2Uasin0sina, A’= 2U a” sin 00 sin x”? = 2U'a' sin 0’ sin x’, 


22 + U? + a? — (Un — Go)? 2Ua co os 0 cos x 


C= So a 


2Ua sin 0 sin « 


ona a? ug) = 20 a Cone Wa 


Gg =: — = — 


DUT a! singe sio 


Eq. (3.14) establishes that g has analytic properties with respect to each of 
these variables £, Q?, 0? and Q. Our immediate objective is to see if € can be 
analytically continued from the large negative value needed for establishing 
eq. (2.8) to the physical value. For this we need the minimum values of æ 
and x' in the domain defined by (3.5). The computation goes analogous to 
the case of elastic meson-nucleon scattering (5) and one finds 


Ceo 2 
| Sed Et 
" @2 sin? « W?— (m,— m,)? 
3 
(3.15) ; | js 
Li J ee ake ETA mi =" NE 
es | 2 sino! V2 “= mi) | ? 


where m= m+yu and m,= 3u. 

The analytic continuation of @ up to €=yp? will be possible provided 
(B—B') is so restricted that throughout the range of integration the relation- 
ship 


= ga +. V(a*— 1)(e'° — 1) = cos ( GaSe) 


is excluded; which implies, in case Y,,,> 0, the requirement 


mia 


(3.16) IO (EL Y 


nin * 


The above inequality is indeed valid in the entire physical range of all 
the kinematic parameters. However, the dispersion relation might involve in 
tegration over a certain non-physical range also so that the requirement (3.16) 


n 
Uri 
n 


pire 
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may be fullfilled only by restricting the range of momentum transfer para- 
meters. Thus one concludes that with the inequality (3.16), ç(£) is analytic 
in a certain neighbourhood of the real axis 4 
all a’ (°). 


Ca|< 6 in the range ¢, < pw? for 


4. — The non-physical region. 


The physical region of the ten kinematic parameters (2.5) is the entire 
range that is reachable by dynamically possible four linearly independent 
energy momentum vectors of the five particles participating in the collision. 
The g-function is directly definable in a larger region of these parameters be- 
cause basically its definition is not linked with the individual particle momenta. 
For any two energy-momentum vectors P, and P,, in the entire mass spectrum 
of the nucleon-meson system under consideration, the function g is defined by 


(2977) 18/2 - | Si ral | Poh TANT YS 
(4.1) = = <p | J (0) | Pya>< Px | J (0) | Pox')(P.«’)|J(0) |p" , 


which depends on the then invariants 


Dee pe pe Be (p—p') , (ER) (SIE 


bb) = DI) 
ANA) 


CRD}, (ÉD) a) and 


Eq. (4.1) defines 9 in the entire range of these invariants that is reachable 
by any physically admissible momenta P, and P,, irrespective of the particle 
number. In the precedent section we have established analytic continuation in 
¢= (P,—p)?=(P,—p’') thereby extending the range of definition of g where 
only eight of the ten parameters need by reachable by physical P, and P,. 
We will continue to use the earlier notation, with an exception, for the kine- 
matic parameters, viz, 


m—pi—p", W2 = + TP Ge i (PASS 
VAI (= (P,.—p) = (Pr: Da: 


(4.2) 


(2P Je: pd 
CaP pyri =D), Q=—— ie OE es! ’ 


(9) A. Minguzzi and R. F. SrREATER: Nuovo Cimento, 17, 946 (1960). 
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and bear in mind that their region of definition is larger than the « physical 
region». In particular, & can be analytically continued in the complex plane 
and assume a general value È which cannot be expressed as (P,—p)?. 
Inside the region of definition one necessarily has the condition that the 
sum of the squares of the 1- and 2-components of any four- vectors, €.9., 
(P,—P,), (P,—p') and (P,—p) must be positive semidefinite. Choosing the 
co-ordinate system 0, we obtain, for any four-vector X, the inequality 


| oi, 
4.3 s 
Gi psp] W-@=»p)) 


The following inequalities are obtained by specializing to the above mentioned 
four vectors for X. 


(We V2—@? + 20 A) =O? = 37 V — O?)? 


(4.4) nu) = ROSTA 
x (V2— m— C, + Q? + 27V—Q?— 290V— Q2)? — 
(4.5, Co) Am? — Q? > bi 
= (20 0 = \ 2309) eee 
W2 — m? ENV OA 
(4.6, Lo) | i xs ae = é y >t 


The above inequalities determine the « physical region » if È, is replaced (*) 
by u? and if one further imposes the conditions 
JL 


(4.7) was: 000237) V=0>10 
(4.8) LÉ PP T0) ET Oe 
(4.9) 90 


The region of definition of g is limited by (4.4), (4.5, &) and (4.6, È.) with any 
real ¢)< u?. Note that the inequality (4.4), which is independent of &,, limits 
the « physical region » as well as the region of definition. 

In the dispersion relation one integrates over W while other parameters 
are fixed at their physical values. The validity of (4.8), (4.9), (4.5, u?) and (4.4) 
is given. The range of integration over W is limited by (4.4); the part of this 
range that violates (4.6, uw?) or (4.7) is the non-physical region of integration. 
It is only in this region that (3.16) may be violated unless some restrictions on 
the fixed parameters is imposed. 


(*) The resulting inequalities will be denoted by (4.5, #2) and (4.6, 2). 
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The spectrum of W® has a discreet line at m? followed by a continuum 


starting at (mu). In view of the inequality (4.4) there is a gap in the con- 
tinuum between 


{V2 + Q?-+ (37 2.0) V— Q?} + V (4m? — Q){(22 — 1)? + 3 


and 


{V2 + Q? + (87 — 20) V—Q*}— V (4m? — Q?) 
We will obtain the condition that ensures the absence of a non-physical region 
above this gap. It is also possible to choose V2 so that the half-width of the 
gap is wide enough to squeeze out the entire continuum below the gap. Under 
such circumstances the dispersion relation for physical ¢ is very easily estab- 
lished because the entire integration is within the physical range. However 
the validity of the dispersion relation can certainly be pushed beyond these 
stringent conditions on the kinematic parameters. 

If W2 lies above the gap (remembering that the inequalities (4.4), (4.5, u?) 
and (4.8) are given to be true), one can establish (4.6, u?) provided 


(4.10) {VQ0—7)?+ + ACT NE E ee ai 


Note that 


7? —{(20 — 7) + (27-29 —V—@)}"4 Dr VE O24. 


A sufficient condition for (4.10) is found, using the elementary property of 
the sum of two sides of a triangle being larger than the third, viz., 


ob GY? 
4.11) WS = = 
( ta 


The non-physical spectrum of W2 is confined entirely below the gap if t satis- 
fies the above inequality as it ensures (4.6, u?) (which is just the condition for 
the physical region), for the region above the gap. Now to eliminate the non- 


physical continuum completely we require 


A2 AV x V— Q? + m? + u? — / (4m? — Q2){(29 — Th} +u}< (m +u};, 


where 


ye Vg Oe = QV 0-0. 


Gi 22 - Il Nuovo Cimento. 
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There remains the contribution from the discreet line W?=m? to the p 
function. This can be written in terms of the meson-nucleon coupling con- 
stant g and the ¢,-function for the elastic meson-nucleon scattering 


ATI 
(4.13) @(W2, V2, Q, 7, Q?, =p") = 0(W? — fer AO 7 


15 of Wwe Ve OS. O ME ae Aye (Am? — 025 ( DORE T)? aim + u}]: 
“pi(W?, V2, ©, 7, Q?, à =p?) . 


In ga, V takes the role of total energy (in the C.M. system) and 


takes the role of momentum transfer. The latter may be outside the physical 
range so that an analytic continuation in 4? might be necessary. 


5. — Dispersion relation for È = u?. 


We re-write the eq. (2.8) in terms of W as the integration variable 
(5.1) Mo, 2,6) = jaws] id as 
5; Wye fiera FEEL === Fe 
27 WO OS sO ne CO 


o ee MI 
Ww? | \/ Q2Q 8 +È 


/ 4m? — = "i o 


The M(w, 2,¢) defined by the eq. (5.1) is an analytic function of È in the 
region 


TER Ti) in {2 , 20, Vm? — 10°} 

and is coincident for ¢,< —yw?—20?— 422, &, — 0 with the M(a, Q, È) defined 
by the eq. (2.2). The latter M is an analytic function of © and È in the re- 
gion R,. The limit =, @,—>0, & >0 can be reached through a finite 
intersection of R, and R, if 


_ 
DI 
bo 

_ 


Vm? — 19° > 2 2{0,— Vai 120? + 26? + 402)} ; 
The maximum value of the right hand side in the physical range is 


Vu? a. 202 +402, 


342 


DISPERSION RELATION AND ANALYTICITY OF A PRODUCTION AMPLITUDE 343 


so that we obtain the inequality 


4/m? — 19 > V2(u2 +g? + 202) 


m? — 1£Q2 > 3u? + Q? — 4(Q — t)V— Q? + 422. 


Provided the inequality (5.3) is valid, the analytic continuation of both sides 
of eq. (5.1) to €= yp? leads to the dispersion relation of physical amplitude. 


The author is very thankful to the Director, National Physical Laboratory, 
India, for permission to publish this work. 


RAS SUN TON) 


Si è studiata una relazione di dispersione e alcune proprietà di analiticita della 
ampiezza del processo n+x->n'+7'+7" sulla base della rappresentazione integrale 
del commutatore causale dovuta a Jost-Lehmann-Dyson. 


(*) Traduzione a cura della Redazione, 
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Analytic Properties of Deuteron Photodisintegration 
Matrix Element for Fixed Energy. 
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Résumé. — On étudie les propriétés analytiques de l'élément de matrice 
non-relativiste de photodésintégration du deutéron pour une énergie 
fixée, en fonction de l'angle. Le proton et le neutron interagissent par 
un potential statique qui est une superposition de potentiels de Yukawa. 
Les complications dues aux spins sont négligées. Le résultat obtenu 
coïncide avec les prédictions d’une représentation de Mandelstam proposée 
par De ALraro et Rosserri à partir des premiers termes du dévelop- 
pement de cet élément de matrice, caleulé dans une théorie des champs 
où le deutéron est traité comme une particule élémentaire couplée au 
neutron et au proton. L'intérêt de cette étude réside dans le fait que 
d'une part l'une des particules initiales est un état lié et que d’autre part 
dans la représentation de Mandelstam proposée, les points de départ des 
coupures sont donnés par des seuils anormaux du type de ceux étudiés 
par KARPLUS, SOMMERFIELD et WiCHMANN. Un résultat analogue, con- 
cernant Vanalyticité des amplitudes correspondant à une onde partielle 
donné en fonction de l'énergie a déjà été obtenu par De Alfaro et Rossetti. 


1. — Introduction. 


DE ALFARO and ROSSETTI (1) have recently studied, in the non-relativistic 
case, the analytic properties of the partial wave amplitudes for deuteron 
photodisintegration, under the assumption that the n-p static potential has 
the form 


(1) 


co 


V(r) =| g(a) exp[— or]do . 


u 


(1) V. De ALraro and C. RosseTri: preprint, to be published in Nwovo Cimento. 
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On the other hand they study a field theoretical model in which the deuteron 
is treated as an elementary particle coupled to the neutron and the proton; 
from the five first perturbation graphs they obtain, using the results of KARPLUS, 
SOMMERFIELD and WICHMANN (?) a Mandelstam representation with anoma- 
lous thresholds. It happens that the predictions of the static model coincide, 
in the non-relativistic limit, with those obtained by projecting on a partial 
wave the Mandelstam representation obtained from field theoretical arguments. 
We think it is worth-while to study more thoroughly the non-relativistic matrix 
element for two reasons: 


i) One of the incoming particles is a bound state and no such case has 
been investigated up to now. 


ii) Anomalous thresholds are present and the proof of the Mandelstam 
representation to all orders in perturbation theory by EDEN, POLKINGHORNE 
et al. (3) does not include this case. 


The present paper deals with analyticity with respect to the angle for fixed 
energy (*). Our method makes use of two results: 


i) The existence of a spectral representation for the deuteron wave 
function, which was first introduced by the author (*) and independently by 
BLANCKENBECLER et al. (5), under the assumption of a n-p potential of the 
type (1). 


ii) The analytic properties of the 7 matrix for neutron proton scattering 
with respect to the angle, off the energy shell, for fixed lengths of the initial 
and final momenta. These properties are very similar to those obtained on the 
energy shell by various authors (**), but though they are probably known by 
all the people working in this field, they have not yet been stated. They are 
derived in the Appendix. 


Our result coincides with the predictions based on the Mandelstam repre- 
sentation obtained by DE ALFARO and RossErrr from low order perturbation 
arguments. 


(2) R. KARPLUS, C. SOMMERFIELD and E. WICHMANN: Phys. Rev., 114, 378 (1959). 
(3) J. EDEN: preprint; J. EDEN and J. C. POLKINGHORNE: to be published in the 
Proc. of the Ninth Annual Intern. Conf..on High Energy Physics (Rochester, 1960). 
) A. MARTIN: Nuovo Cimento, 14, 403 (1959). 
) R. BLANKENBECLER and Y. NAMBU: to be published. 
6) J. Bowcock and A. MARTIN: Nuovo Cimento, 14, 516 (1959). 
) T. Reace: Nuovo Cimento, 14, 951 (1959). 
) R. BLANKENBECLER, M. L. GOLDBERGER, N. N. Kauri and S. B. TREIMAN: 
). 
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9. — The matrix element. 


We make the same simplifying assumptions as DE ALFARO and ROSSETTI: 
the nucleons and the photon have no spin, the deuteron is in an S-state and 
the n-p potential is a superposition of Yukawa potentials; such a superposition 
may be written in the form (1) (the reciprocal is not true). Then the photo- 
disintegration matrix element reads: 


(2) M(k, q, cos 6) = | wi(r) exp 


. kr 
a ri war) dr , 
in co-ordinate space, or 


ees L 
(3) M(k, q, cos 6) =| tp) BA | —s\e ; 


in momentum space (27 factors are omitted), where k is the momentum of 
the incident photon, q is the cm. momentum of each of the final nucleons, 
y, the deuteron wave function and y, the wave function of the final state. 

We now wish to put in evidence the angular properties of the two quan- 
tities entering in the matrix element. It has been shown in (*) and (4) that if 
the n-p potential has the form (1) the deuteron wave function may be written 


1 exp[—ar a sued 
(4) yalr) EL ar] 14 foto) exp or]àr =| o' (0) È - SA 
Kt 0 
with 
| à 
e'(0) = a Olu - 0) telo MIEI 


and where x* = M|e|, e binding energy of the deuteron and M mass of the 
nucleon, so that 


fee) 


Di k LE 0'(0) do 
; x = Caeser 
(5) Va [p 3) A ((p? + (k?/4) + o?)/kp) — cos (pk) 


0 


On the other hand, the wave function of the final state in momentum space 
may be written 


; È 1 
(6) Bgl) = d(p—@\t_ ea Pye) 
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T(p.q,q) is the off energy shell scattering matrix given by 


(7) T (p,q, r) = T(p, 4, 7, cos 6) = <p|V|q> + 


1 
a3 LE V t A a ! 
p'<p|V |p ara T(p',qr). 


The analytic properties of T(p, q, g, cos 0) with respect to cos 0, for fixed 
real p and q are derived in the Appendix under the assumption that V is & 
superposition of Yukawa potentials: 


foo} 


u 


Let us repeat that family (8) is contained in family (1). 
The properties are the following: 


— T is a holomorphic function of cos 0 except for a cut on the real axis, 
from 


eas 


= to HO) = Se 
2pq 


cos § = 


— the same properties hold for the function which, for physical values 
of così, is ImT. 


— For strong potentials we were not able to establish the behaviour as 
|cos 0 — co. For extreme cases the behaviour is known: 


i) p=q REGGE (7) has proven in this case that for potentials V(r) 
analytic in r for Rer>0 such that |V(ir)|< A/r® the T 
matrix can be bounded as |cos | co by some power of 


cos 0 |. 


li) D costhen == 0. 


iii) p—0 then T— constant. 


So we believe that nothing really new will happen between these three 
values of p and that only a finite number of subtractions, less than some fixed 
number independent of p, is needed in an integral representation of 7. With 
this assumption we can write 


n-1 : 4 Riu, p, q) du 
(9) 1,49, così) = > Ai(p, @)(c08 0) + (cos 0)" RIRE 
1 


; u — cos 6 
(p® +a" + 1?) /2p4 
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(co) 
— For weak potentials, è.e. | |w(o) o)|do small enough, w(0) being a suffi- 
lu 
ciently smooth function, satisfying, for instance, some kind of double Lipschitz 


condition, it is possible to show that at most one subtraction is needed, and 
that the integral representation of 7 may be obtained from the behaviour 
of each term of the Born expansion. Unfortunately, we know that the n-p 
potential is strong enough to bind a deuteron so that this result is not of much 


use here. 


3. — Analyticity of the matrix element with respect to the angle 


Let us first disregard the problem of subtractions and set n= 0 in for- 
mula (9). We can write 
[0°] 
0'(0) do 


1 
10 M k, 7 C sf = == = aS ne 
on NE a) (42 + (k2/4) + o?)/qk — cos 0) 


if = È 3 à ’ 
te | : wee : | do | du | dQ, desi Lo a q )e(0) 
kjp_—qta : [ (p2+ (k?/4)-+ 0?) //pk—cos (kp) ][u—cos (pq)] 
0 0 (P?+qg°+n?)/2pq 


Let us now replace the angular integration appearing in the second term by 
an integral over an auxiliary variable. It can be shown that 


11) {- dQ, veal E i f(x) dx 
} (22 + m2? + a2) /2lm — cos 0,,1[ (2 + n? + B?)/2in — cos 68] Je cos 0,3 


where x, is a function of {, m, n, «, B such that 


min 


_ ME+- MR Ex 0) 
Lmin > on , for = =<<Leass 


the explicit form of f(x) is given in the Appendix. 

Remembering that 0‘(0) consists of a d-function plus a function starting 
at o =x+yp, we perform the angular integration using formula (11). Assuming 
that no difficulty arises in the remaining integration over the parameters of 
the integral representations and over p, we finally get: 


‘ i 1 ; du x(k ; 
(12) M(k COS) == -- — - | WHE, Gs ) 
N q° ap k2/4 ) = Oe qk cos 0 als uw — cos # E 


(Ca + pw)? +q?4+ (k&?/4))/kq 


DAS 


ie 
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Let us now compare this formula with the predictions based on field theo- 
retical perturbative arguments. We reproduce here formula (44) of reference (?). 


' a/4 b/2 
(ia) M(q, k, cos 0) = F(q, cos 0) = = = Ran 
gata a+ gt (k*/4) — kq così 


re | dq’? do(o + x) M(o, q'?) 
Je n (o +a)? + g2+ (k2/4) — qk cos 0” 
0 un 


If we perform the integral over g* we see that formulae (12) and (13) coincide 
except that in formula (13) the deuteron pole term (a/4)/(q? +a?) is missing. 
This is not surprising since we have disregarded the problem of subtractions. 
Now it is very likely that since, in general 


lim T(p, q, cos 0) = const ¥ 0, 
p— 0 


at least one subtraction is needed in representation (9). 

Let us now show that formula (14) is not seriously altered when n sub- 
tractions are present in representation (9). In this case we have to perform 
angular integrals of two types: 


i (cos 0,3)" 
14 1O% : x ASS Veal 
oe 1) | > (A — cos 0,,)(B — COS 0,3) 2 “ui 
n-1 n_-1 
; > (COR Ose)? ae Y 5: P; (C08 03) 
15 i 1 =| ONE 
tS) a | de Cos Ur. TIMOR Cie 
Noticing that: 
16 x" Br il L a n—1 
Le pei À 


we can reduce integral i) to the angular integral without subtraction (for fixed 
B and A there is no problem of convergence) and to an integral of the type ii). 
The integral of the type ii) may be computed; it is just 


n—1 


dot Yb, Q:(A) P;(c08 0,3) - 


So, after the angular integration we get an expression 


nal "f(x, A, B) da 
| D — COR Os 


(17) > CA, B)(cos 0,3) + 


Tmin(4A +8) 
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Now it is clear that when one integrates over B, with the convenient weight 
function, the terms appearing in (17), one gets for each term a divergent re- 
sult because a factor B" appears in the right hand side of (16). It turns out 
that n subtractions have to be made in the integral appearing in (17). Finally 
one gets the result (12) with n subtractions. 


4. — Concluding remarks. 


Though the results of the present paper on the analyticity for fixed energy, 
combined with the results of DE ALFARO and ROSSETTI on partial waves are 
not sufficient to establish that the non-relativistic photodisintegration matrix 
element satisfies the Mandelstam representation (13), they are nevertheless 
very encouraging. In the scattering problem, all the proofs of Mandelstam 
representation use a combination of the analytic properties for fixed energy 
and fixed momentum transfer. One may hope to apply the same method here. 
So, what remains to be done is to derive dispersion relations for fixed mo- 
mentum transfer. (This momentum transfer has to be defined conveniently). 
This is being currently investigated now at CERN. 


The author wishes to thank Professors S. FUBINI, M. GOURDIN and J. MAN- 
DELBROJT for very stimulating discussions. 
APPENDIX 


Al. Angular integrals. — By means of Feynman parametrization technique 
one may prove 


(A.1) | DC ae e 
J (À — cos 6,,)(B — cos 623) 
Ase | Of A 0 al 
Ag | ae LE AV (Be 
VIT [EVA = VB 10 AB= cosd,,| 
SO 
SO ff, areas _f dene) 
J J J(A— cos 6,,)(B— coso) 0° c080,° 
Ay Bo (er 
with IV A 26 (BI AA 


Uci 
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Further one can prove the following inequality: 


(A.3) | (HO) [de <a CAAA f g(B)|aB 
ae Grd } A-1 J B—1 
Co Ao By 
Now if 
I? m2 — 2 byes all 2 4 A2 
Ào = - see and bo ea ie al 
20m 2In 


the minimum of € with respect to / for 0 <I <oo is 


mi +4 ni +4 (eb p)? 


C = 
i 2mn 


/QOmin — 
This relation was derived in another way in reference (°). 


A2. Analytic properties of T off the energy shell for weak potentials. — Let 
us first write the n-th term of the Born expansion 


(A.5) HAG INGE DP) = 
aly ais AALS : ky4|Vlg> dk, … E 
=| P | LA ke a r2 mis ie N 1| | Bye Use: > NOIRE r2 Lie Sia | q) € y se A n.9 


€ n—1 i 
if V is a superposition of Yukawa potentials, a typical term appearing in 
<k;|V|k;::,> will be 
1 1 


Dili (CE + E + Bea) 2h: Keay, — 008 (Kika) 


So, applying formulae (A.1) and (A.4) we can write: 


= cos 


? 


a nuit WC, Hs eee Tena) Dy 9) AO 
1, (D; 4; r) =| Il tel | ig DE TT 2 = 


where 


C Li n°? _ joe — q° 
‘0 = ? 


2pq 
which, if no trouble arises in the radial integrals gives 


È | y n En(P, UE ry WwW) du 
(A.6) D (D di) | rt 


rvs 
qu? +p + a?)/2Dq 
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If the last radial integrals did not contain principal value integrals, it 
would not be difficult to get, by using inequality (A.3), an upper bound for 


È oat 
and to show that for sufficiently weak potentials 7 = Y 7, and k= >. ee 
Unfortunately we have to study more carefully the integration region from 


k;,=r—A to k;=r+A. A convenient procedure is to write 
] il 1 ET 1 
AT (k, DELIRI = r2V(k;, k; a 
(A.7) up (ki, kis.) ky ki; 1 Ar pr (k 1.) kr? 
1 Bes ] n 7 
ae 9 5 W(k;, ke Se 2 W (he kas) + Z(k;, k, 1) 
RS kia 7° 
where 
A Je 
k; = E, o 


then one gets rid of all the singularities. If W, and Z have integral represen- 
tations in cos 0 of the same type as V itself, with weight function o such that 


| (a) | div 


PESA 


n 


is bounded, one can still get an upper bound for 


|R,(u)|du 
| en 


This is not the case for a pure Yukawa potential corresponding to w(9) = 
= d(o — ) in 


V(r) = fw P [orga 


Ù 


5 


but it is the case for potentials with a weight function w(0) sufficiently smooth. 
For instance one can require for #(0o) a double Lipschitz condition: 


wa) — 10(8) wy) — (8) DE Mae ie =O) || Oe et 
a—p y —o | ì (cb B}? (y DE DO 3 , 


which, with w(00) = 0 implies 


| to) — w(B) Li 
ES) | n + B)2 and ju Ci 
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Then one can show that V, W, Z have the desired properties and that 


Ry, | 5 . al Un 
(p,q, 7, u) du ee, Li {du 


Le 
u — cos 0 Veil 


4 À? An 


Qu? + p* + q*) /2p¢ 


where À is some fixed number. Then, for A small enough, the series can be 
summed and 


? R(p,q,r,u)du 
dl. ur | TRE 
(P; q ) | u — cos 0 
(97 p* +q*)/2;4 
with 
(A.8) e a 
; a= 
Qu? +p? + 0?) /2Pq 
finite. 


One can understand why one subtraction is necessary for p — 0: as p > 0 
the lower limit for v goes to infinity. So it is quite possible that R(p, q, 7, u) — co 
as p —0, though the integral remains finite. On the other hand, property 
(A.8) ensures that [ R(w) du/(u — cos 6) exists everywhere outside the cut and 
goes to zero as |cos | — oo in any direction except the direction of the cut. 

It is interesting to note that the case of pure Yukawa potential cannot 
be treated in this way and that in Regge’s proof for p= q=r (?) it is also 
excluded. 


A.3. Analytic properties for strong potentials. — There we combine the pro- 
perties of the terms of the perturbation expansion with general properties 
of 7 for potentials decreasing faster than an exponential: 


> 


(A.9) Tp, q,7) =| exp[— ipa] Ve) He, #7) (2!) exp Liga’) dia d'a”, 


a 


where @ is the total Green’s function which is known to be bounded (°). 
A sufficient condition for the existence of T is that the integrals at both ends 
be absolutely convergent. Setting 

p = n,p cos 0 + n, p sina , 

q = n,¢ cos (1-0 —n,q sin (1— «)0, 
with 


Lio and (Noe = I. 


(9) A. Kuern and C. ZEMACH: Ann. of Phys., 7, 440 (1959). 
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we get the simultaneous conditions 


| as 

| sh? [x Im (0)] < pe? 

(A.10) : 
| sn [(1 — x) Im (6)] ae ; 

which define, in the cos 0 plane two ellipses with foci —1, +1. x must be 


chosen to make the domain as large as possible. This is the case when the 
two ellipses coincide. Then the semi-major axis is 


(A.11) | 14 | 1 


Let us now write 


it 
(A.12) Pp, q, 9) = Ti +. + Ps + [Tu p° q) n el Po» g)d*p', 


5 p'?— | | 


and expand 7 and 7), under the integral in Legendre polynomials 


(A.13) TP Pod) > Ba E008 (pipe 
(A.14) TN pd D DAiC PX Cos pe g))e 
and 


n 


: I Ag . 
(A.15) Ja2, 7, p 3 VLPs qi. = + i B,, 0, P,(cos (pq)) . 


Now if (A.13) converges in an ellipse with semi-major axis b and (A.14) in 
an ellipse with semi-major axis ¢ 


lim sup (B,)l# < - ; ; 
aa NIE 
Il 


lim sup: (0) — 5 
n— © CNIL | 
and expansion (A.15) converges in an ellipse with semi-major axis 4 where 


PV 1 Se pia) a 


a=be+ VII Veli, 
where 
+ pt + p? 
2pp' 


2 
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the exact minimum of a with respect to p’ is difficult to get but it is clear that 


a> | (1 oS me (1 a «| , 
De, da 


so that Y —Z7,—T,...T, is holomorphic inside a larger and larger ellipse 
as n >o0. This method establishes the analyticity in cos 0 outside the cut 
but cannot give any information on the behaviour at infinity. 

We add that all the properties we have obtained are valid for Im 7 where 


. 


Im Tp, q, 7) =| exp [— ipx] V(x) Im G(x, x’, r) V(x') exp [igx'] d?x dix’. 


Di 


Ral ASS SI UNE ON (©) 


Si studiano in funzione dell’angolo le proprieta analitiche dell’elemento di ma- 
trice non-relativistica di fotodisintegrazione del deutone per un’energia fissa. I] protone 
ed il neutrone interagiscono con un potenziale statico che è una sovrapposizione dei 
potenziali di Yukawa. Si trascurano le complicazioni dovute agli spin. Il risultato otte- 
nuto coincide con le predizioni di una rappresentazione di Mandelstam proposta da 
De Arraro e ROSSETTI a partire dai primi termini dello sviluppo di questo elemento 
di matrice, calcolato in una teoria di campo in cui il deutone è trattato come una 
particella elementare accoppiata al neutrone ed al protone. L'interesse di questo studio 
sta nel fatto che da una parte una delle particelle iniziali è uno stato legato e che d’altra 
parte nella rappresentazione di Mandelstam proposta, i punti di partenza dei tagli 
sono dati da alcune soglie anormali del tipo di quelle studiate da KARPLUS, Som- 
MERFELD e WICHMANN. Un risultato analogo, concernente l’analiticità delle ampiezze 
corrispondenti ad un’onda parziale data in funzione dell’energia è stato già ottenuto 
da DE ALFARO e ROSSETTI. 


(*) Traduzione a cura della Redazione. 
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Connection between Wightman Functions 
and Green Functions in p-Space. 
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(ricevuto il 10 Ottobre 1960) 


Resumé. — Dans le présent travail, après avoir repris l'étude des pro- 
priétés d’analyticité de la fonction # de Wightman dans le cas où le 
temps seul est variable complexe, nous en déduisons la fonction de 
Green @, étendant ainsi par une nouvelle méthode les résultats de O. Stein- 
mann relatifs à la fonction à 4 points. La fonction G a pour valeur fron- 
tière la transformée de Fourier de la valeur moyenne du vide du pro- 
duit 7 des champs et prolonge analytiquement la fonction retardée de 
L.S.%. dans l’espace des impulsions. Finalement on établit un ensemble 
de propriétés qui caractérisent @ en ce sens que si @ possède ces pro- 
priétés, il existe une et une seule fonction 7A possédant les propriétés 
habituelles et telle que & en dérive. 


1. — Introduction. «- and p-spaces. 


The Wightman function / (2), 2=x+iy is defined as an analytic conti- 
nuation of the vacuum expectation value 


W (a) = <A (RL) AM (x) ... AM (a) Vo 
of the local scalar fields A‘ (a#,) (12). 


The Green function G(k), k= p+iq will be defined as an analytic conti- 
nuation of the Fourier transform of the vacuum expectation value of a T-pro- 


(1) A. S. WIGHTMAN: Phys. Rev., 101, 860 (1956). 
(2) D. Hazz and A. WIGHTMAN: Mat. Fys. Medd. Dan. Vid. Selsk., 81, no. 5 (1957). 
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Qt 
SI 


duct (3). 
G(p) = FKTAOAM... AM (Pis ces Dn) - 


It is convenient to introduce immediately the spaces of variables that will 
be used in the sequel. 

Consider the space R**1 of the independent real variables to, ¢,, ..-, tn. The 
quotient of this space by the equivalence relation 


! 


21) SE AAA A II 
is a space R® which will be called (t). 

Similarly if do, di) -.-) Ca OT Yor Vis ss Un (TERD. 20, 21, + ?n) are sets of 
independent real (resp. complex) vector variables, the corresponding equi- 
valence relations will yield spaces R*” (resp. C4") which will be called (x) or (y) 
(resp. (2)). . 

If one considers vectors (2°, x), (27, 1), …, (2, x) Where the first (time) 
component is allowed to be complex, the other (space) components being real, 
one obtains in the same way a space C,XR?" called (2°, x). 

Consider now the space R”*! of the independent real variables so, 813 +» Sn 
The subspace of this space defined by 


(1.2) St st... + Sn = 0 


is a space R” which will be called (s). 

Similarly if po, Par Dn OF do Aus - In (TESP. Ko, I, +) Ka) are sets of 
independent real (resp. complex) vector variables, the corresponding subspaces 
are space R! (resp. C4”) which will be called (p) or (q) (resp. (k)). 

If one considers vectors (k°, po), (42, pi), ++) (Xx, Pn) where the first com- 
ponent is allowed to be complex, the other components being real, one obtains 
in the same way a space 0" x R* called (k°, p). 

We can now introduce a bilinear form on (t) (s), namely 


(1.3) MESIA SAI 
i=0 4=1 
Similarly 
n n 
(1.3°) pra = > Dirt, = > Pili — %) ; 
i=0 i=1 
and so on. 


(3) J. Scuwincer: Annual International Conference on High Energy Physics at 
CERN (1958). 
2 
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19 
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For integrations over (t), (s); (æ), (p), ete., we will use 
(1.4) di = dt, — to) «a dt — hh) dsi=ds, "ds 
(11224) da = d(#,— %) ... (tx —%o) dp = dp, ... dp 


In the spaces just introduced, we have of course redundant variables. It 
is useful to keep them in general for reasons of symmetry. In particular cases 
however, other variables may be more suitable. 

We have introduced above four-dimensional vectors for obvious physical 
reasons. All that will be said can however be easily generalized to N +1 
dimensional vectors (#, æ1, ..., 7) with metric (x°)*— (#)?—... (a) NA 


2. — The decomposition of (+) and (s) into cones. 


Let us consider the set of all planes 
(2.1) ti tg 0 i th == 0) olin Msn 


in (t). They decompose (t) into a set 7 of open convex cones. 

In such a cone 7, every difference t;,,—t, has a well-defined sign so that 
we can order the ¢; by increasing values into a characteristic sequence 
ah 

On the other hand to every sequence (è, è, -..: ,) there corresponds a 
permutation a of {0,1,..., n} such that x (0,1, ..., = (do, tay +» in) (and to 
every permutation corresponds a sequence). There is thus a one-to-one cor- 
respondence between 7 and the symmetric group y,;1 of permutations of 
n+1 objects, and 7 therefore contains (n+1)! cones, each being defined by 
n relations: , 

t= t,>0 La ty 0. 


We will often write for convenience 
(2.2) Tate ta scam On) 
The n faces of T(z): 
ti, = L, ba Fe Ube 5 ba © b,, = t, <a ES, bi, < i, < cou bi == 
‘an then be represented by 
(2.3) oise so Sadist alone Yay nt) RO RE RU CORTE 
where the — symbol allows for transposition of the adjacent indices. 


The faces of lower dimension are represented with more ~ symbols up to 


Uci 


eras 
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the vertices: 
CAIO A Ag Tri Vea Un) gong loue St Lees 


Each cone (2) can thus be viewed as a formal n — 1-simplex with n faces (3) 
and n vertices (4) (this simplex can be realized by cutting T with an appro- 
priate affine plane). The set of all these simplexes together with their faces 
builds up a « simplicial complex » which is a « triangulation » of a n — 1-sphere 


(e.g. the sphere > (h—#)?=1 in (t)). 
i=1 
We go now over to (s) space and consider the set of all planes 


(2.5) SI CORE, 0 CADA 
iex 


If X, and X, are such that X,=CX,, i.e. if they are complementary sub- 
sets of {0,1,..., n}, the planes > s;,— 0 and Ys,=0 are of course identical. 


iexX, EX; 
We will call Y the set of open convex cones into which (s) is decomposed 


by the planes (5). This set has a less simple geometrical structure than 7. 
For instance a cone SeY is not always limited by n planes when n>4. 
The situation is illustrated by the case of the cone S for n= 4 which is de- 
fined by 


So + 82 > 0 So + 83 > 0 Sot Sac ON, 


(2.6) 


8, + 8 > 0 s,+5,>0 Sia Sa We 


It may be remarked that the subspace of (s) orthogonal to an intersection 
(different from 0) of planes (1) of (¢) is an intersection of planes (5) the con- 
verse however is generally not true. 


3. — Analyticity of the Wightman function. 


The following axioms: Lorentz invariance, existence and uniqueness of the 
vacuum, stability of the vacuum and local commutativity imply that the 
Wightman function W(z) exists, is analytic in UxA, (the union of the per- 
muted extended tubes) (*) and is invariant there under the homogeneous com- 
plex Lorentz group. 


(‘) Let us recall that the tube Z, is defined by 
MY. DEV, NE = Ya UE Vis Mn = Yn —Yn1E Vi, ® arbitrary: 


The extended tube is defined by #, = U sero 1 An - 
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W (2) has (n+1)! distribution boundary values # (2) (which are assumed 
to be tempered) when the imaginary part of 2 tends to zero, 2 remaining inside 
some TP rs 3% EYnsi- 


Let 

(3.1) ATA ce CR DE 
k=j 
with 
(0,15. M) eat) 
then 
pio=Y pi Wa DELE 
i=0 j=1 

If we write 

(3.2) We) = FE p) = aye | dp exp [ip :a]G"(p), 


the stability of the vacuum expresses itself by the support condition 
(>) G"(p)=0 unless PteV,, TS 


This allows the Fourier transform (2) to be extended to a Laplace transform 
analytic in x%, and gives conditions on its behaviour at infinity. We will 
not however formulate these conditions since it is easier in practical cases to 
use directly (3.3). 

Regarding Lorentz invariance, if space reflections are allowed, W is in- 
variant under L(0), if they are rejected, #° is only invariant under LC), 
where the complex rotations in L,(C) have determinant +1. 

Having introduced the basic properties of the Wightman functions that 
do not connect several of them (as positive-definiteness of the metric and the 
asymptotic condition would do) we proceed by studying / in the space (2°, x). 

The decomposition of the space (y°) into cones T(x) induces a decompo- 
sition of (2°, x) into domains R44 77 (za). 


If 1€yn:;, the corresponding permuted tube and permuted extended tube are 
Py, A As ( r SE. E r 
RANCE En}; thy = rta EF, 


The real point in Ri, axe the Jost points (4), those in 1%, the «permuted » Jost points. 
We do not assume that W(z) is uniform in Un&,, but if æ is a Jost point or a per- 
muted Jost point, #°(+) is holomorphic and uniform in a neighbourhood of æ (1°). 
(4) R. Jost: Helv. Phys. Acta, 30, 409 (1957). 
(5) D. KLEITMAN: Bull. Am. Phys. Soc., 5, 82, 79 (1960). 
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Since R4"+ 77 (x) is the trace on (29, x) of 2%,, W(2, x) is analytic in 
every R4"+ iT (z). 

Suppose now that T(x') and T(x") have a face (i, ..., dg_1 Up, cs On) IN 
common. The piece of plane F defined by 


(3.4) VE iY ga Bn Ve 


is then a common boundary of R#*+4T{(x') and R*+7 T(z’). 

Let x be a real point in TR, (a permuted Jost point (*)), (2°, x) is ana- 
lytic in a neighbourhood of x, and therefore at some point of # for which 
(Ga Up) <0. 

Let now 2 be any point of # for which (x.—@,_)< 0. By a very small 
complex Lorentz transformation, 2 can be brought either in 7/4, or in 2'F,, 
so that the restrictions of W to R’"+ iT(x') and to R#+iT(x") can both be 
continued over Ff at 2. These continuations coincide because the set of points 
of F for which (#,—%,,)?< 0 is connected and they coincide at some points 
of this set. 

It is now easy to conclude that W is analytic at those points of the plane 
Y,—Y,-1= 0 for which (,— a 4)?<0 and which do not belong to other 
planes of singularities. The case of these intersections is dealt with by use 
of the Kantensatz (*7) and we get the following. 


THEOREM 1. — W (2°, x) can have singularities only if two of its arguments 
(2, x,) and (et, x,), 14% are such that y} —y; = 0 and x,—x, is not space- 
like. 

Let now the function F(z) be invariant under LÌ and such that F(2°, x) 
is analytic in the domain R4"+7T(z). 

We introduce the variables C7, ...,67 of eq. (4.1) as co-ordinates in (2), 


writing 


A) sae, Oe (0, 0, ce 


If 2ex%,, each term in the right-hand side is of the form 


(RENO AO 


where Ae Lt and (0, …, x; ---, 0) belongs to the boundary of R#+iT(x) 


in (2°, x), (0, …, €, …, 0) is thus a limiting point of analyticity points of W 
and, by virtue of the tube theorem (*), the same is true for 2. Since 74, is 


(€) We need here an unusual form of the tube theorem. That this holds is seen 
by referring to a proof of it based on the use of the continuity theorem. 

(6) H. Bennke and P. THuzLEN: Ergeb. d. Math., 3, no. 3 (Berlin, 1934). 

(7) D. RueLLE: Helv. Phys. Acta, 32, 135 (1959). 
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an open set, e is a point of analyticity of F and we obtain easily (?) the fol- 
lowing 


THEOREM 2. — If the domain of analyticity of W (2°, x) is as given in Theo- 
rem 1 and if W (2) is invariant under LÌ (resp. DÈ) W(z) is analytic in UnR, and 
invariant there under L,(C) (resp. L(C)). 


4. — The boundary values of the Wightman function. 


We have introduced in the last paragraph the real boundary values % FC) 
of W (2). They may also be defined by 


(4.1) Wp dune APE ye T(x). 


y) —0 


This defines (n-+1)! «sheets » along (x) corresponding to the cones T(x)e 7. 
We divide now each sheet into 2" oriented « intervals » 


by giving the differences x; —a_ a definite sign so that either @,_,<%; 


de 
or æ, > %,- o is thus an arbitrary family of n> or < signs. 


Just as the T(z), the (n+1)!2" intervals (x, 0) may be viewed as the 
(n — 1)-simplexes of a formal complex with faces 


(4.3) 9 (tp =i, Zi 2... Zin)3 (St = a Zee Stn) prey eee RE Lt) 


and vertices 
(4.4) ((02U=%=..= lle dat ve sae a Zia); 


where the = sign allows for transposition of the adjacent indices. 

A sum of intervals is called a (n —1)-cycle when its boundary is zero. 
We will mostly consider cycles made up of (n+1)! intervals corresponding 
to the permutations TE Yn41 + 

Let s(o) be the number of < signs in o, then a necessary and sufficient 
condition for 


to be a cycle is that whenever 7(z,) and T(x;) differ only by a transposition 
of consecutive indices, o,, and o,, may differ only by the sign between these 
two indices. 


CONNECTION BETWEEN WIGHTMAN FUNCTIONS AND GREEN FUNCTIONS IN p- SPACE 363 
Consider now a sequence (*) 
(4.5) ONES ay 5 r: positive integer 


chosen once for all and such that ,(æ) > Ô(æ) in Zi, when r + oo. 

We define (x, o)W *g,(x) e-/* to be equal to#7x,(x) when the inequal- 
ities o hold, and zero otherwise. 

We make then the following assumptions on W and the sequence ¢,. 

Assumptions A. — If C= >(—)**”)(a, o,) is a cycle: 

I 
1) CW *,(x) converges towards a distribution in S* when r — co. 
2) CY («e)= lim CW «¢,(x) is invariant under DÌ. 
ro 

The first assumption is less stringent than it would be to require each 
(x, 6)W° *,(x) to have a limit. 

The second one is not unnatural since it can be proved for points such 
that x, —x,-0 whenever è. One has just to use Theorem 1 and to no- 
tice that the derivatives of CW with respect to the parameters of the Lorentz 
group vanish when all x, are different. 

If the assumptions A are fulfilled, we define the vacuum expectation value 
of the time-ordered product by G(x) = TW (x), where the cycle T is defined 
by T=) (az, >). This definition may of course depend upon the sequence ,. 

x 


5. — Shifting of integral paths and analyticity of the Green function. 


Using eq. (3.1), we can write 
(5.1) Fl (x, 0)W #p,1(p) = (2x) fi dæ exp (— è D P7:£)(1,0)Y *p(2), 


x being held fixed and such that (0,1, ..., n)= (to, t1, ++) tn), let o' and of 
differ only by the sign between 7,_, and i,. Clearly then 


| det exp [—iPE-El][ (x, o'\W *9(0) + (2, 0 W #@p(x)] , 


has the support property Prev. 

(*) For a definition of the convolution product (x), of the functionnal space S 
and of its dual S* (space of tempered distributions), see SCHWARTZ (*). 

(8) L. Scrwarrz: Théorie des distributions, t. 2 (Paris, 1951); t. 1, 2°me éd. (Paris, 
1957). 
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Otherwise stated, when PT is restricted to the complementary of V., in 
particular when P7°< 0, the formula 


(5.2) F[(1, 0)W *©,](p) = — F(a, 0°)Y * pr .J(P) 


allows the path of integration of E, to be « shifted ». 
We will apply this result to 


n 


(5.3) G,(p) = (2x) sf exp [— ip-a] TW xo,(x) = > F >)Y 40,1] (p). 


Let p° belong to some cone S of the family 7 into which (p°) can be divided 
(see Section 2), the P7° then have a definite sign when az and j are fixed. 

Shifting the path of integration whenever it is possible in A[(z, >) W *r](P) 
we get 


(5.4) Fl (2, >\W *prl(p) = (2 F(a, 08) *pr](p pres, 
where the support of (2, 0°)V *g,(x) is 
(5.5) SE ESE; ERI eee Oe 

So, if q is such that @eS and q—0 
(5.6) exp [q:a](1, o2)W *p,(a) EF*. 

On the other hand, C* = > (—) (x, o%) is easily seen to be a cycle and OW 
is therefore Toren nt (5.6) gives then 
(5.7) exp [(Aq)-a]0°% eP* fore ele 


We will now use the following properties (°): 


1) If A is a distribution, the set /' of all real points q such that 
exp[qg:a] A(x)eS* is convex. 


F{exp{q-æ|A}(p) defines a Laplace transform, analytic when the 
Sa k=p+iq is in È tube Lt" +7 Da: the interior of J’). 
We will call Z'(S) the set /" corresponding to the distribution O°W. Using 
1) and the invariance of /(S) under homotheties s + as («> 0), we see that 
any finite sum of vectors belonging to JS) belongs to J(S). 


(®) J. L. Lions: Suppl. Nuovo Cimento, 14, 9 (1959). 
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4 
Let now u*eV., «=1,..., 4 and Sur u, where « is the unit vector 
x=1 4 4 4 
along thet ime axis. If s*e 8, the point q = (> s54%, D stu”, …, Y stu") belongs 
; a=1 a=l pil 
to I'(S), because we can write u*¥=r*A*u, r°> 0, A*e Ths 
If sl=...=—st=s, gq=(s,0). If s!,..., st are varied over neighbourhoods 
of s in S, g varies over a neighbourhood of (s, 0). Since this neighbourhood 
À | 0 | 
belongs to Z'(S), we have proved that se S implies (s, 0) €/"(S). 
Extending the Fourier transform G*(p)= FCW (p) to a Laplace trans- 
q . . . = . 0 . . 
form G(p—+iq) analytic in the tube R'*-/"(S) and then restricting to the 
space (k°, p), we have proved: 


1) G*(k°, p) is analytic in R**+<$ (i.e. when que SÌ). 


DMC (ke, p)—G(p) ip: 
Q°0,9° ES 
Let Se/ be defined by the equations s;>0, 1< v= Te 
We introduce the retarded cycle R by R= 0%, RW then reduces to the 
well-known r function (2°) (*) and ¥r(p) is analytic if p is a Jost point, e. if 


(5.8) e A;p:)<0 whenever 4:20, DA=1. 


t=1 i=1 


A set Fc(s), F~@, will be called a face of Sef if it is the interior in 
a subspace Y s,= 0 of the intersection of this subspace and the closure S 
of S. see 

Let now S’ and 8” have a face F in common. The piece of plane Ri + iF 
is then a common boundary of R*-+S' and IRS LT 


If a point Ke R"-+iF is such that (> p:)?< 0, it is possible to bring it 
TEX 
either in R Li (S") or in Ri 4 il(S") by a very small complex Lorentz 
transformation. This means that G@*(k°, p) and G°(k°, p) can both be ana- 
lytically continued through #*"—+- iF at k. In order to prove that these conti- 
nuations agree in the connected set of all points of R* + for which 3 pi) 0 
we will show that they agree at some point of this set. = 
Let p, be a Jost point (eq. (5.8)) such that pi EF in (p°). In any real 
neighbourhood of p, there exist boundary values of G°(k) and GS (k) which 
coincide with FTW = Fr which is analytic in a neighbourhood of p,. There are 
thus points of F with i> pi) 2 — (0 such that G* (k) and G* (€) coincide, which proves 
EX 
the announced property. 


(‘) The connexion with the usual definition of r is given by ref. (11), eq. (3.11). 
(0) H. LEHMANN, K. SYMANZIK and W. ZIMMERMANN: Nuovo Cimento, 6, 319 (1957). 
(11) N. NISHIJIMA: Phys. Rev., 111, 995 (1958). 
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The intersections of several surfaces > gi = 0 are easily dealt with by use 
iex 
of the Kantensatz (°) and we get for the function G(k), whose restriction to 
. 0 . yo a . 
R”+iy(S) is G(k), the following 


THEOREM 3. — The function G(k°, p) can have singularities only if > qi 
iex 
vanishes for some X c{0,1,...,.n}, X 9, X#0,1,..., n} and > p; ts not space- 
like. he 


6. — The multiple commutators. 


We will now try to get more information about the connexion between 
the cones SEY in (s) and the corresponding cycles Cf. 

Let 4, be the abelian group generated by the cones Se, and let €, 
be the subgroup generated by the cycles C* in the abelian group of all cycles 
defined in Section 4. The mapping S — C* extends by linearity to a homo- 
morphism FY, > $,. This homomorphism is obviously onto, but it is not in 
general an isomorphism. Its kernel .%, is the set of linear combinations of 
SES such that the corresponding linear combinations of boundary values of 
G(z) vanish identically. 

We call Steinmann relations the resulting linear relations between the G*(p). 

Let X = {t, %, ---, %}C {0, 1,...,%}. We will call (s), the subspace of (s) 


defined by the relation > s,= 0 in the subspace generated by s;, s 


1,9 Sire Se. 
iex 
The decomposition of (s), into a set /, of cones is effected just as in (s) and 
to these cones we associate cycles C* for the variables z,, 2; ,..., 2. We will 
0 ii k 


call €, the abelian group generated by the cycles thus formed. 

Consider now two cones S’, S”eY such that S’ and S” have in common 
the face F belonging to the plane > s;= 0 so that }s,<0 in S' and s;> 0 
in Ne TEX TEX TEX 

If we write 


n 


(6.1) COP OF = D> [Oe of J) O], 


where we have set for simplicity o'= 0%, o’=o%, the sum in the right-hand 
side extends only over those permutations 2ey,., for which 


(6.2) (0, 1, …., n) = (ht, tn) and Me, 1 X= a as, ary tah 


Let meyriy and mEy,, be permutations of X and CX respectively. 
We may then represent the permutations x of eq. (2) by ay or TT, the 
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corresponding o being of the form o, Z 0» OT 6,20, respectively, so that 


i (m7) 0°) = (vasta, > O2) (76172, O) = (Ila, O1 < O2) ; 
(6.3) 
| (70971, 0°) = (His Où < 01) (Hs 0°) = (Mois Oo > 01); 


o, (resp. oz) is determined by the signs of the Y s;, X,c XY, M49, eni 


i€X, 
(resp. of the Ds, X2c CK. X, 0, X,# CX) in F, which are the same as 
dex: 
in S’ and 8”. Since the sign conditions on the > s; (resp. > s;) are compatible, 
iEX; i€X, 


they determine a cone #,€7, (resp. Sex) and one may write 0, = bss (resp. 
neo) independently of whether a= m7, 01 T— MM. 
Using (6.3), (6.1) can be written 


Oa = DDT) Eure Or 93) (=) PO (or ate 9, 01 <2 Oe) ae 
Ii Mo 


bla (I) O (gta Ox Ca (—) "9 (soy ; O2 > 04) | 
(6.4) 
= > (9 Di (—)*°? [ (a7, Gi da) 


n To 


+ (as O1 < 02) — (HT, D > 01) — (tata; Go < 01)] + 


We introduce now the product and the commutator of two cycles 0, and C, 
when these cycles have no variable in common 


Che Gi = > CI 01) DE ()*9 (arg, O2) 


n, ae 
(6.5) == > Ga > (—)*°? [ (mt, 01 > 02) + (T2 O1 < CAIE 
fa le 


[C1 ; C;] == Cr — CoC; : 


The commutator of two cycles will be defined to be zero if they have at 
least one variable in common. We have thus proved the formula 


(6.6) CC =[0%, 0%]. 


Conversely, if S, and S, are arbitrary cones of 7. and A, respectively, 
it is easily seen that there exists atleast one couple of cones S', S'e7 such 
that eq. (6.6) holds. This means that the direct sum @= >@, has the 
structure of a Lie algebra for commutation. oa 

From the above, it results that the cycle 0° corresponding to any cone 
Se is equal to the cycle C* corresponding to a fixed cone S, plus a sum of 
commutators of cycles with a smaller number of variables. 


(SS 
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5 . S 
One may thus reconstruct every cycle in @, if one knows one cycle 0°, 
SES. for each XY. For instance one may take the retarded cycles, obtaining 


the following 


THEOREM 4. — The abelian group € generated by the cycles CÈ is also generated 
as a Lie algebra by the retarded cycles R. 

If we restrict to @,, this means that the abelian group of all linear com- 
binations with integral coefficients of the boundary values G*(p) of G(k) is 
identical to the abelian group of the Fourier transforms of all linear combi- 
nations with integral coefficients of the vacuum expectation values of mul- 
tiple commutators of retarded products and fields (each field A°(x,) being 
used eventually in a R-product, once and only once in each multiple com- 
mutator). 


7. — Introduction of masses. 


When we introduced cycles along the real boundary values of 7 (2), we 
had to cut singularities (at the top of light cones). This difficulty was solved 
by a regularization process and assumptions about #7. 

The purpose of this paragraph is to avoid similar troubles with G(k) by 
introducing a non-zero minimum mass in the theory. 

Tt will also be necessary for the following to introduce the truncated Wight- 
man functions # (12). No proof will be given here of the properties stated. 

Let o, be the family of all partitions of the set {0, 1, ..., n} into k+1 sub- 
CRA Ai A and. let, #12) 
ables 2; such that 2e X,. 

We write then the reduction formula 


,, be the Wightman function of the vari- 


# rois 7e, 


and use it to define the truncated functions #° recursively on the number of 
variables. 

The function #(z) has all mathematical properties described above for 
W (2). A Green function can be deduced of it, which also has all the mathematical 
properties of G(k). It can be seen that it coincides in fact with G(k). 

We know that the mass operator in Hilbert space has an eigenvalue equal 
to zero and corresponding to the vacuum. We shall assume that the rest of 
its spectrum is > mu, u>0. 


(12) R. Haaa: Phys. Rev., 112, 668 (1958) and Suppl. Nuovo Cimento, 14, 131 (1959). 
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Let then V4 =: aeV., o> yp}, æ: a vector in Minkowski space. We 
have the following (see (1)) 


THEOREM 5. — Let W"(a) = F G"(p) = (2x) *" fap exp [ipx] G*(p); 
G(p) then satisfies the support condition Cp 0 unless pens ie 


THEOREM 6. — The function G(k°, p) can have singularities only if > 4 
iEx 
vanishes for some Xc{0,1,...,n}, XÆ 9, X#{0,1,...,n} and (Spi)? > u?. 
iEX 


We gather now the information we have about the functions W and G. 


I. Properties of W (2). 
1) W(z) is invariant under L,(0) or L(C) according to whether the theory 
is invariant under LÌ or L\. 
2) The singularities of W(x, x) are given by the Theorem 1. 


3) W (2) has boundary values 
Wx) = lim W (2, y) 
y°—>0, PET) 
which are tempered distributions. 
4) There are conditions on the behaviour of W (2) at infinity which we 
replace by the support conditions of Theorem 5 on FW" (p). 
From these properties of 77, we have derived the following 


II. Properties of G(p). 
1) G(k) is invariant under L,(0) or L(C) according to wheter the theory 
is invariant under Li or I. 
2) The singularities of G(k°, p) are given by the Theorem 6. 


3) G(k) has boundary values 


G(p) = lim G(W, p) 


g°—0, 9° ES 
which are tempered distributions. 


4) These boundary values are subjected to linear conditions: the Steinmann 
relations (Section 6). 


5) There are conditions on the behaviour of G(k) at infinity which we 
replace by the support conditions on FG(x) which follow from eq. (5.5). 


(18) D. RurLLE: Thèse (Bruxelles, 1959). 
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8. — Products. 


In order to show that the information contained in the properties of the VW 
function has been completely translated into terms of the properties of the 
G function, we will reconstruct W (not W!) from G. This par agraph is devoted 
to an intermediate step in this reconstruction, namely the definition of products. 

Since the distributions G°(p) are subjected to the Steinmann relations. they 
generate an abelian group which is isomorphic to the group ©, of cycles intro- 
duced in Section 6. For facility, we will in fact identify the two groups and 
represent the G(p) by the corresponding cycles. We will also introduce the 
commutators by the formula (6.6) and we will be allowed, in computations 
with multiple commutators, to use the relations 


(1) (C1, GQ] =—[Gr, 0], [0,4+.01, Oo] =14G, Gl 1G, Gl, 
(0, 10a; Col] LOTO Onl Cs, LAIT 


Consider now a partition of {0, 1, ..., n} into k+1 subsets À, Rare AE 
io, tet, WE WiLL write Ki = Ga, ATP =e ars 

We define then | 

k 
dp; = Ap... ADins 3 => dp 
1=i EX, 

Now, 

dp.=+*dp,.dP dpi. dPx:dP, 


and. 


so that if 


Ta 1 (9) 
Fy, = (2a ao ap, exp [i > pu (ey — ew) 


gi=1 
we have 


= > — = È 
peli Fg noue (UT) Af a, à . AP, exp [4 > Pilen- Mn) - 
j=l 
Let C;e €,,, we will define products O,:0, ... C, with the following properties. 


III. Properties of the products. 


1) The products are Lorentz-invariant tempered distributions. 
2), Distributivity: Cy... (C720 Op). On CIOTTI 
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k rd) 
Tr TE ZK uao: Nein anes 3 20 3 
SEA Oy Og EXD dd S540 CF 
(3) j=0 ÿ"=0 sl 
; o ae ak < re 3 a à N 
when C;= 0%, SES, and si, = 0, (850, Sins ++ Siren) ES; 


j7 0 


4) Support properties in (p): 
C,:C,...C, vanishes unless PjeV!, 1< j< k. 


~ 


5) The following identity holds: 


GA eee Oise Ci eee CC Co DOG C; x (CHIA seo (Ge = Co eee [Cia Ci] see OF . 


This last property allows the definition of multiple commutators of pro- 
ducts of cycles, the number of dots (-) plus the number of square brackets 
([ ]) being equal to %. This will justify a posteriori our use of the symbols 
EC Cie Gand Cy as Ogg, Cel: 

Properties III are trivial consequences of Properties IT for one single cycle 
belonging to @,. We will now define the products recursively on the number 
of factors and show that III-1)-5) hold at each step. 

By definition, let 


(8.3) Ke 0: CF ee = == > Ce . SCONO, nl Cay eee OF . 


j3=1 


First, we show that this expression vanishes unless P° > w?. 
By the induction Assumption III-4), €,... C;.°[C), C,;]-Cj4.... x vanishes 
unless 


(8.4) Ee eee Pi Vip De SP le Ve 

If Pî<e, 0<e<u, the sum in the right-hand side of. (8.3) reduces to 
one term with the support property P,— P,eV#, so that [C,, 01, ..., O,] van- 
ishes unless Pi< —u+e. 

Similarly, if PÎ—Pî<e, [Co, C,,..., 0,] vanishes unless Pi> u—e. Let 
now P°>0, Pi—P {> 0, using the induction Assumption III-4), we have 


COs. C;-1°[ Co, Os] Ci + € x = 0, [C 209 Cal: Cy... Or = 0. 


Therefore, using III-2)-5), 


k-1 
ir Cy aes Gal > CC Calin Oy RS Opel Cy, Cal 
j=l 
k—1 
— > RE DION Esse 857 C+ [01 Cr+, [Co, Cel] 
j=1 
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k—1 j-1 : 
= (FO. TO On) [C05 Os} Oat Oh +. [C05 Os], Ca] ++ Cra + 
j=1 1=1 
jemi | 
4 Y 030 (05, OT {0 Ci Opa PACS 08 Ole 
t=3+1 
k-1 j-1 
= X(X 01...(0,, Or] [Co Os] «ee Cat Ou. [Oo [Os Onl] Cit 
j=1 1=1 


k—1 


SO (Coy Cpl (Orel =. Cpa) 
t=1 


k-1 1-1 


= SDS Cy. [Oo) Di] [Or On] eee Ona Cr+ [C05 (01, On] «+ Cit 


P=1 gst 


k-1 
WSC Oe Cele o 


j=1+1 


k—1 
= DI [Co, C, DOO [Ci, Ci] eee Cr] . 
1=1 


We have thus proved that [0,, C,,...,0;,] vanishes unless Pi>p? when 
io 0 Pla Pi 0. 

As a whole, using the «principe de recollement des morceaux » (5), we 
have proved that [0,, 0,...0,] vanishes when |P;|<p—e, 0<e<w. 

Letting e go to zero and using Lorentz invariance, we see that 05, Ci Gal 
vanishes unless Pi> yu?. 

We define the product C,:C,...C;, to be equal to FO Gye: Cpl) wen 
Pî>— yu, and to zero when P;< p. 

The product may also be defined to be equal to [lo ... Cr, Cxl when 
P?>—p and to zero when P?<yu. The proof of the equivalence of the two 
definitions is straightforward if one uses the same kind of developments as 
above. 

It remains now to show that the properties III.1-5) IIL.1), hold. 2), 3), 
are direct consequences of the corresponding induction assumptions and of 
the definition of the product. 

III.4). The product has been defined so that P;eV#, introducing this 
into (8.4) one finds Pic for 2=j<k. 

IIIL.5). We have 


1-2 
(RCS CREO Oa 
j=l 


+ 05 eee EOS: CSO, eee Ci, + OF eee Cm Cn, C;] eee (Gr 
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i (0-0 tal 
From this equation, the property results, except for 
Oo CSO | Cus Cali 
which is proved by considering the difference 


RR Re 


9. — Determination of the Wightman function from the Green function. 


We will now prove the following 


THEOREM 7. — If a function G(k) satisfies the conditions IIT.1)-5) of Section 7, 
it determines a a Wightman function W (2) from which it D W (2) 
satisfies the conditions I.1)-4). 

A restriction will be brought to this formulation at the end of the proof. 

From G(k) we have already derived the products Cl... 0, and proved 
the properties III.1)-5) starting from II.1)-5). 

Let us first consider condition III.3). 

Corresponding to the cone S;e-7,, we define the convex closed cone U(S;): 


TO) 


(9.1) U(S,)= {2 Bas Ties a ES Sin ds < 0 whenever (5,9, Si +. Jen 


Win) 
j'=0 


III.3) implies that F, Ci De EERO AG ...0, decreases faster than expo- 
nentially at infinity in the complementary of U(S;). 
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But then, it can be shown, using Lorentz invariance, that F a Ye ee Pes : 
-O,... 0, must actually vanish outside of U(S;). 

So we replace III.3) by 

III.3/). Support properties in (x): Ca Fe + Fo C;-0,... CL where C;= 0, 
SEP 3, vanishes unless 


Do dre Me USE 0<j<k. 

Consider now the case when @(k) derives from a Wightman function W (2) 
in the way described in Section 5. 

Up to Fourier transformation, the products defined in the last paragraph 
are then identical with those defined by eq. (6.5) (*). The proof of this state- 
ment is easy, it proceeds by induction on the number of factors of the product 
and is based on the support property PRE 


dé? exp [— Pr Ex](1, 0 \W *Or(%) + (7 o")W *@,(2)], 


when g5(0, L, ...) %) = (do, sc dn) and 0, 0° differ only by the sign between 
dy and dp. 
In particular, the boundary values of W are given by 


(9.2) (x) = FA AM... A™](a) , 


where the «cycle» A” is 0%, S; being the unique « cone » in Sy (7328 well 
as S, is of course reduced to a point). 
Now, if G(k) satisfies the conditions II.1)-5) but has not been derived from 
a function 7 (2), we define a function W (2) from G(k) by equation (9.2). 
Properties 1.1), 3), 4) are then immediate consequences Of IE) Ay a 
order to show that I.2) holds too, we refer to the proof of Theorem 1 and see 
that this holds if 


F[ASO ... ASI. A AE) — FA... AS AG, A (0) 


vanishes when (2; — @x-1)?< 0. 

To prove this we use first IIL.5) to write A+. A (#0 __ 4%. AP —[ AG), AM) 
then (6.6) and III.2) to see that [A-, AP] is the difference of two cycles 
in two variables with supports Gv and. o. — EV, respectively, 
and finally III.3'), 1) to show that these support properties remain in the full 
products. 


(*) The proper extension of eq. (6.5) to products of k+1 cycles is immediate. 
These products are then applied to #7. 
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Now that we have constructed a function 7 (2) with all the desired pro- 
perties, it remains just to show that the function @(k) derived from Ÿ (2) by 
the method of Section 5 is the same as the one from which we have started. 

To do this, we will simply show that the products of cycles C™, SET 
{X,, 1, …, Xx}: à partition of {0, 1, ..., n}, applied to W are identical, up to 
Fourier transformation, to the products defined directly from G. This is true 
indeed for X= because of our definition of 77, and what we want to prove 
is just that it is also true for k= 0. 

We use thus recursion on k, k decreasing. 

Let 

Tg = 0% 0%... 0% 


be a product according to either definition. 

II, and //, satisfy both the same support properties III.3') in (+). 

Now, if k<n, there is at least one cycle, say 0%, in more than one va- 
riable. Using (6.6) and III.5), it is possible to transform //, or //, into 


~ 


SE NO Ome Siete 


by adding to them a sum of products of k-+2 factors. 
So 
TL T= TT, — 1, 


But if 8; is the antipodal of S; in (s),, U(S;) will also be the antipodal of 
U(S;). II, —II, vanishes thus if the variables tj, Wj, ..-5 dire are not all equal 


rm 


and Theorem 7 is proved. 
It remains to discuss the restriction brought to Theorem 7 by the fact that 


Fa) = OW (a) 


only when all vectors x, are different. 

This reflects obviously the ambiguity of the definition of C*7 (#) which 
involves « cutting singularities ». 

Any definition of the CW(#) involves a choice when some difference 


&;,— «x; vanishes, but should be such that 


1) the identical linear relations between the general cycles C give rise 
to the same relations between the CW (x); 


2) when C reduces to Alfa ... A, OW (x) should reduce to a boun- 
dary value of W(z). 
1) and 2) were achieved here by the trick of regularizing Y before cutting 


the singularities. 
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In conclusion and in order to avoid ambiguities it seems preferable to give 
oneself a function G(k) with properties IT.1)-5) rather than a function W (hk) 


with properties I.1)-4). 


The idea of the present work originated from the Thesis of O. STEINMANN (14) 
who treated the problem of the connexion between Wightman and Green 
functions in full details for the four-point function. A later paper of STEIN- 
MANN (15) on the same subject treats the general problem of the n-point function 
with methods and results rather different from what has been done here. A 
more related treatment is due to H. ARAKI (!). Most of this work (essen- 
tially up to Section 7 incl.) was done in summer 1959 while the author stayed 
at the E.T.H. as a « chercheur agréé de l’Institut Interuniversitaire des Sciences 
Nucléaires » (Belgium). 

In conclusion, I wish to thank Prof. R. JosT for his kind hospitality at 
the Institute of Physics of the E.T.H. in Zurich, for an introduction to 
Axiomatic Field Theory and for interesting discussions on the subject itself. 
I am also greatly indebted to Dr. O. STEINMANN who made the text of his 
Thesis available to me at an early stage and with whom I had interesting 
discussions. I also thank Dr. H. ARAKI for correspondence. 


(14) O. STEINMANN: Helv. Phys. Acta, 33, 257 (1960). 
(15) 0. STEINMANN: Helv. Phys. Acta, 33, 347 (1960). 
(16) H. ARAKI: to be published. 


IRIMASSISTUINETONO) 


Nel presente lavoro, dopo aver ripreso lo studio delle proprietà di analiticità della 
funzione # di Wightman nel caso in cui il solo tempo sia una variabile complessa, ne 
deduciamo la funzione G di Green, estendendo altresì con un nuovo metodo i risultati 
di O. Steinmann relativi alla funzione a 4 punti. La funzione G ha per valore al con- 
torno la trasformata di Fourier del valore medio del vuoto del prodotto T dei campi 
e prolunga analiticamente la funzione ritardata di L.S.Z. nello spazio degli impulsi. 
Infine si stabilisce un assieme di proprietà che caratterizzano G nel senso che se G 
possiede tali proprietà, esiste una ed una sola funzione W che ha le proprietà solite 
e tale che ne derivi G. 


(*) Traduzione a cura della Redazione. 
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Renormalization in a Combined Lee-Machida Field Theory. 


L. M. SCARFONE 


Rensselaer Polytechnic Institute - Troy, N. ¥. 


(ricevuto il 10 Ottobre 1960) 


Summary. — The renormalization of a combined Lee-Machida field theory 
is re-examined. It is shown that the energy of a new V-ghost found in 
an earlier investigation is sensitive to the renormalization procedure. 


1. — Introduction. 


In a previous paper (1), an investigation of the physical one particle V-states 
in a combined Lee-Machida model (?) has shown that there is simultaneously 
a ghost state in the fermion spectrum with energy greater than the normal 
V energy as well as a ghost in the boson spectrum for negative values of one 
of the renormalization constants. The analysis of the physical V-states carried 
out in I rests upon the coupling constant renormalization adopted in refe- 
rence (7), namely, 


(1) ARIA ’ 
(2) e AE 


where g, and g, are the bare coupling constants for the Lee interaction, 
VzN +0, and the Machida interaction, 0 = y + %, respectively. The mo- 
mentum independent renormalization constants Z;? and Z, are defined in 
reference (?) in such a way that Z, removes a logarithmic divergence which 
arises from integration over the meson momentum and Z, removes a linear 

(1) L. M. Scarrone and W. A. McKINLEY: Nuovo Cimento, 17, 678 (1960); 


hereafter referred to as I. 
(2) J. S. Gotpstpin: Nuovo Cimento, 9, 504 (1958). 
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divergence which arises from integration over the y-particle momentum. It 
is characteristic of a non-relativistic theory such as this that these definitions 
are not sufficient to remove all the divergences. A logarithmic divergence 
with respect to the y-particle momentum remains in the theory after renor- 
malization and as a consequence of this it is not possible to go to a point inter- 
action between the 0 and y fields if there is to be a well defined eigenvalue 
equation for the physical 0-states and y-7 scattering. The renormalized constants 
f, and f, given by (1) and (2), respectively, are to bei dentified with the «phys- 
ical coupling constants ». 

The probability, Z;', for finding a bare V in the physical V-state and the 
probability, Z,', for finding a bare 6 in the physical 0-state are connected by 
the relation (*) 


(3) Zo =1— (27720) 3 FUk) D, *(k) DR, Nox” 5 


k 


where F(k) represents a cut-off function, , = V ket pe, and with the excep- 
tion, D,(k, 0), the D-functions are logarithmically divergent with respect to 
integration over the y-particle momentum, but are held finite by the above 
cut-off assumption (*). It is shown in T for the case where there is a ghost 
state in the boson spectrum, Z, "<0, that there is also a ghost in the fer- 
mion spectrum even though, ZAC 

Employing the renormalization (1) and (2), the eigenvalue problem for the 
sector (V, N+0, N-4+y+%) can be reduced to the form (**) 


ON 72(K RUE Gi LIU LK a 
(4) Wo (Le à) ety (1/2 Q) > li (k) D: (k, o) D: (Kk) D,(k, Wo) N 
1490 


+ ù Wi(0x — Wo) 
PF2(k Da L) D.(k 
chess) n nd O) RA 
if Vie 


which involves both renormalized coupling constants (f, is concealed in the 
D-functions), the Källén-Pauli energy parameter, @p , and Z,*; the phase 
shift expression for elastic N-0 scattering is (+) 
5) tgd= 
2 7-1 I/6 ! Te = ! 
(fiZ2'/2Qc%) > F2(k) oe’ Di (hy Ox) dx On) 
k 


AE) > For lolo 04) Di (h, 04) Da (hk) D,(k, 01) — Da (k) D;(k,0 


( 
(a 
(ei 
(= 


) I, eq. (24). 

) See Appendix of I for properties of the D-functions. 
) Uy AR (PXa)). 

) Reference (2), eq. (57). 
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and this involves the incident 0-energy, ©,, the renormalized coupling con- 
stants and Z, *. It is characteristic of the renormalization (1) and (2) that the 
combination f{Z,' occurs consistently in (3)-(5); therefore it is natural to 
define this quantity as the renormalized value of gj. The interesting point 
here is that the energy behavior of the new fermion ghost found in I is sensi- 
tive to the definition adopted for the renormalization of g,. 


2. — Reinterpretation of the renormalization. 


As suggested above, the combination f{Z,>* measures the strength of the 
Lee interaction in this theory. We define, then, a new renormalized coupling 
constant, f,, such that 


(6) ip = ee = IATA ; 
with (2) unchanged. Whereas in I, f{ is considered positive, we will now con- 
sider that f is positive. It will be evident that this definition does not alter 


the chief result of I. Using (6), it is clear that (4) becomes 


(7) wolf; +H(a)|=0, 


where (a), representing the integrals in (4), has the following properties (*): 
a H(0)=0; —-0>0; lim Blo) =—fa*. 


Equation (7) represents the eigenvalue problem for the sector mentioned above 
in terms of © and f,. The inequality in (8) holds for the physical V domain, 
Wy< 4 <2m, (m is the mass of the y-particle) and the elastic N-0 scattering 
domain, u<@,<2m. Also, we have, expressing (3) in terms of the new con- 


stants, the relation 


Zi =1— Gale) . 


= 
© 
— 


It is shown in I using (3) and (4) that if Z,'< 0, (boson ghost), then a 
new V-ghost occurs in the range 0<@< with energy greater than the 


() H=Z,H and fz’=Z,fa* where H and the critical constant, f,1, are defined in I 
by eq. (27) and (8), respectively. 
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normal V energy. On the other hand, if Z;!> 0, (no boson ghost), then it 
is possible to have the Kallén-Pauli type ghost. 

It follows from equations (7), (8) and (9) that ( ) if fees a then Z,’ lies 
between zero and unity and there is no V-ghost pre I (Brin fi, then 
Gee is negative and there is a V-ghost with energy less than the ee V energy 
as in the ordinary Lee model. The positive character of fa allows in case (A) 
as an examination of (6) will show, (41) both di and Z, ' to be positive (no bo- 
son ghost, g positive), or (42) both gi and Z,* to be negative eee ghost, g 
negative). In case (B) either (B1), g, is negative or (B62), La lis negative; if 
gì is negative then there is only the V-ghost, whereas, if Z, ! is negative there 
isa V and a 0-ghost. In all of these cases, f is considered positive. The fol- 
lowing table summarizes the above possibilities: 


Sign character of LAS employing 2: NeW renormalization. 


fi | A |g a Zi” Za ae 
Pénal RE Fe ab a ae + 
| BI + We a a | a En 
ALTEA 3 Fi pa 


It is of interest to note in case (B2) that the presence of a V and a 0-ghost 
in the transitions, Vz2 N + 0 and 02 y + 7, necessitates the hermiticity of 
the Lee interaction hamiltonian (g, real) and the non-hermiticity of the Machida 
interaction hamiltonian (g, pure imaginary). In case (A2) the 0-ghost leads 
to the non-hermiticity of both interaction hamiltonians (g, and g, pure ima- 
ginary) and in case (B1) the V-ghost requires a non-hermitian Lee interaction 
(g, pure imaginary). 


3. — Conclusions. 


It is clear from the above analysis that the new renormalization (6) and (2) 
still allows the simultaneous presence of a V and 0-ghost in the theory, case (B2). 


Whereas the old renormalization (1) and (2) of I and reference (?) allows the 


additional V-ghost to have energy greater than the normal V-energy it is cha- 
racteristic of (6) and (2) that this V-ghost have energy less than the normal 
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V-energy as in the ordinary Lee model. The reinterpreted renormalization 
employed here has shifted the energy of the additional V-ghost below the 
normal V-energy thereby producing a closer correspondence between the 
ordinary Lee model and the Lee model with pair effects. 


The author would like to express his thanks to Professor W. A. MCKINLEY 
for helpful discussions. 


RASS iS UNE OMe) 


Si riesamina la rinormalizzazione di una teoria combinata del campo di Lee-Machida. 
Si mostra che l’energia di un nuovo fantasma V, trovato in una precedente ricerca, risente 
del procedimento di rinormalizzazione. 


(*) Traduzione a cura della Redazione. 
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Experimental Investigation of a Neutral Beam 
from the CERN 25 GeV Proton Synchrotron (*). 


M. FIDECARO, G. GATTI, G. GIACOMELLI (*), W. A. LOVE (**), 
W. C. MIDDELKOOP and T. YAMAGATA (s**) 


CERN - Geneva 


(ricevuto il 22 Novembre 1960) 


Summary. — The spectra of photons from the CERN 25 GeV proton 
synchrotron using aluminium and beryllium internal targets have been 
measured at the laboratory angles of 3.2° and 15.9° by means of a lead 
glass total absorption Cerenkov counter. While at 3.2° the intensity is 
slightly higher than that predicted by the statistical model with the 
assumption of isotropy in the c.m.s., at 15.9° it is about an order of 
magnitude below this prediction. This is interpreted as an indication 
of anisotropy in ¢.m.s. The 3.2° beam, at 64 m from the target, has an 
intensity of about 13600 photons above 1 GeV per em? when 1011 protons 
impinge on a beryllium target. The number of neutrons was found to 
be about a factor of 2 below the number of y-rays of energy larger than 
2 GeV. Attenuation measurements of y-rays and neutrons have been per- 
formed in carbon, CH, and lead. 


Introduction. 


There is considerable interest in investigating the neutral beams produced 
in a high-energy Proton Synchrotron because of the expected large fluxes of 
high-energy y-rays, neutrons, antineutrons and K? (1). We describe here an 


() Preliminary results have been presented to the XLVI Congresso della Società 
Italiana di Fisica, Napoli, 1960. 

(65) On leave from the University of Bologna. 
(*) National Science Foundation postdoctoral fellow. 
(***) i Foundation postdoctoral fellow. 
AE SALVINI and A. TURRIN: The y-ray beam of the 25 GeV proton-synerotron. 
On the AED use of the y-rays’ relative polarization. Report I.N.F.N. G 27 (1959). 
Also a high flux of high-energy neutrinos is produced by the CERN PS. This flux is 
estimated to be about 104 neutrinos of energy above 1 GeV per square centimetre at 
50 m from the target for 3-10" circulating protons. 
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investigation of the photons which come mainly from the decay of the 7° 
mesons. 

There are several disadvantages in a photon beam from r°-decay from a 
Proton Synchrotron (PS) compared with a bremsstrahlung beam from an 
Electron Machine (EM): 


1) A high number of particles, other than y-rays (mainly neutrons), are 
present in a PS neutral beam. In the range of energies of interest (above 
~1GeV) the neutrons are about as many as the y-rays, and although it is 
easy to get rid of the photons while little affecting the number of neutrons, 
the converse is not true. 


2) The intensity of a usable PS y-ray beam is several orders of magnitude 
smaller than that of an EM. The photons are produced in a forward cone 
whose half angle is about 8° and is thus much larger than that of the photons 
from a bremsstrahlung beam (~ m,/H). Therefore a beam must be defined 
by collimators and the usable intensity is determined by how wide an angular 
spread of the beam may be tolerated. 


3) The energy spectrum of a 7° decay beam falls off much faster towards 
high energies than a bremsstrahlung spectrum. 


One advantage of the x°-decay beam over bremsstrahlung lies in the ab- 
sence of very soft photons so that it is not necessary to harden the beam. 

The experimental equipment we have developed for use in conjunction 
with the y-ray beam is based on two total absorption’ lead glass Cerenkov 
counters (?). 

We have developed a y-ray beam and made a rough determination of the 
neutron contamination. Attenuation measurements of y-rays and neutrons 
were performed mainly for the practical purpose of reducing the contamination 
of one particle with respect to another. 

Finally, we have measured spectra of photons produced at forward angles 
from Be and Al. Apart from their usefulness in the planning of experiments, 
these spectra can be, in principle, a test of the statistical model predictions 
for particle production in nucleon-nucleon collisions, as it has been developed 
by HAGEDORN, CERULUS, and VON BEHR (?). 

It is interesting that our data, combined with other results on charged 
particle production and backward y-spectra, strongly suggest a deviation from 
isotropy in c.m.s. (*). 


(2) G. GATTI, G. GIACOMELLI, W. A. Love, W. C. MippELKooP and T. YAMAGATA: 
A total absorption lead glass Cerenkov counter, to be published. 

(3) R. HaGEDORN: Nuovo Cimento, 15, 434 (1960); F. CeruLUs and R. HAGEDORN: 
Suppl. Nuovo Cimento, 9, 646, 659 (1958); J. von BEER and R. HAGEDORN: 
CERN 60-20 (1960). 

(4) See G. Cocconi: Report at the High-Energy Conference (Rochester, 1960). 
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1. — Beam layout. 


Fig. 1. shows the layout of the 3.2° (56 mrad) neutral beam. This is the 
minimum angle at which neutral particles can escape through the thin mylar 
window (more forward particles pass at a small angle through the 0.2 cm 
stainless steel vacuum chamber wall where the y-rays are strongly attenuated). 

The beam passes through a defining lead collimator, 1.2 metres long, 3 cm 
diameter, after which charged particles are swept away by a magnet. A second 
lead collimator outside the shield wall, 1 m long with an aperture (7.8 cm dia- 
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First collimator 
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Fig. 1. — Layout of 3.2° neutral beam. 


meter) slightly larger than the size of the beam, removes neutral particles 
scattered by the first collimator at large angles with respect to the 3.2° line. 
After a second sweeping magnet, a helium atmosphere reduces the number 
of charged particles produced by the neutral beam. 

The beam profile measured with a system of two cylindrical scanning coun- 
ters, 1 and 2 cm diameter respectively, and 2 em apart, at 64m from the 
internal target, shows an intensity distribution of 6 em diameter at half height 
and 9 cm diameter at the base. The intensities at radii larger than 5 cm. do 
not exceed 3°, of the intensities at the centre. 


2. — y-ray investigation. 
Fig. 2 shows the photon detection system: y-rays are converted into electron- 
positron pairs in a 0.365 cm thick lead plate (1.61.6) cm? in area. The 


pairs traverse counters No. 2 and No. 3 before entering along the axis a Ce- 
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renkov counter where they produce a shower. The anticoincidence counter 
No. 1 prevents the counting of charged particles. The converter, which de- 
fines the solid angle, has an efficiency of 39% for pair creation. The whole 
‘system, as used, has an acceptance angle of 10° and is at least 999% efficient 
in suppressing background from other particles. 
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_ Lead glass à i Nay cael N°2=(.5x2x2) « 
Cerenkov counter i Si: 4 Ray Peon p NO3= C5 xax4) Ta 
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Fig. 2. — Photon detection system with block diagram of the electronics. 


The total absorption Cerenkov counter is a cylinder of lead glass, 30 cm 
long and 35 cm in diameter (respectively 12 and 14 radiation lengths) (?). The 
glass is viewed directly by seven RCA 7046 photomultipliers, whose signals are 
added electronically. The counter itself has 100%, efficiency for high-energy 
y-rays, and, when used with an arrangement as shown in Fig. 2, it still de- 
tects photons with high efficiency, while having a negligible efficiency for any 
other particle. Its energy resolution improves with increasing energy, 
and for electrons and photons above 5 GeV, it is better than 10%. The res- 
ponse is linear up to the maximum energy at which it has been tested (14 GeV). 

A photon is defined by a coincidence-anticoincidence 1230. This signal 
opens a linear gate which allows the pulse from the Cerenkov counter to be 
recorded on 2 100 channel CDC (computing devices of Canada) pulse-height 
analyser. At the same time the 1230 rate triggers the sweep of a Tektronix 517 
oscilloscope which is photographed. As the recording rate on the film is in- 
trinsically low, practically limited to a single sweep per machine pulse, the 
information obtained by the film was mainly used as a check on the perfor- 
mance of the kicksorter measurement. 
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Attenuation measurements of the y-rays confirmed their identity (see Sec- 
tion 4). The effect of neutrons and other uncharged particles was measured 
by placing 10 cm of lead in the beam (19 radiation lengths). In this situation 
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Fig. 3. — y-ray production at 3.21°. 


the counting rate dropped to 0.3% , which yields a correction of about 0.7% 
to the photon rate. This correction was neglected. We also neglected a 1.5% 
correction due to randoms. By removing the lead converter we obtained a 
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counting rate of 5.5%, of the normal situation. This rate is interpreted as due 
to y-rays converting in the crystals, mountings, ete., between counters No. 1 
and No. 2. The intensity has been corrected for this effect. Another correc- 
tion arises from the long dead-time of the kicksorter. Although the rate was 
limited to about 100 counts per machine burst of 50 ms duration, a correction 
of (10-30), to the rates was needed. 

Fig. 3 shows the results. Errors are standard deviations and include the 
effect of counting statistics only. The scale at the left gives the number of 
y-rays per interaction, corrected for efficiency and absorption, per steradian 
and GeV interval with the assumption that 50°, of the protons interact in 
the target. Also shown is the prediction of the statistical model. Since the 
actual number of interactions is poorly known, the measured spectra may 
easily be shifted by a scale factor of two or more (°). 

Practical y-ray intensities corrected for efficiency in our detecting telescope 
are shown on the scale at right as y’s per cm? and GeV interval at 64 m from 
the target when a circulating beam of 1.054-1011 protons impinges on an 
internal target. The scale has an estimated systematic uncertainty of 
15% mainly due to energy scale uncertainty (+3%) and monitor inac- 
curacy (better than 10%: it was necessary to lower the machine intensity by 
a factor of 200 for the spectrum measurement). The results on the oscillo- 
scope film agreed within their statistics with the kicksorter spectrum. 

Fig. 4 shows a similar measurement at an angle of 15.9° with respect to 
the internal proton beam. 

The main results of these measurements are the following. 


1) A beryllium target yields 1.5 times more photons than aluminium over 
the whole spectrum. While this result is of practical importance, it cannot be 
regarded as theoretically significant, since the number of protons interacting 
may well have been different in the two cases due to such effects as multiple 
scattering loss, ete. 


2) The comparison of our data with the predictions of the statistical 
model, transformed to the laboratory system, shows that while at 3.2° we 
have more photons than expected, at 15.9° they are about an order of mag- 
nitude less. We have to emphasize here that the statistical model gives only 
the c.m.s. momentum spectra, integrated over angle. The angular distribution 
is not predicted by the model. To transform the spectra to the laboratory 
system, the extra hypothesis of isotropy in c.m.s. has been used. It follows 
that the observed deviations from the theory could be interpreted as an indi- 
cation of anisotropy in the c.m.s. This result is supported by the data on charged 


(5) CERN Proton Synchrotron staff estimates that about 50% of the circulating 
protons interact in the target. 
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particle production and backward y-spectra (1). Moreover, the predictions refer 
to a nucleon-nucleon collision, while experimentally we have a nucleon-nucleus 
collision and thus a large probability for secondary interactions (one radius 
of the Al nucleus is about 65 g cm-?). This gives an alteration of the momentum 
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Fig. 4. — y-ray production at 15.9°. 


and angular distribution, decreasing the mean energy of the particles and re- 
ducing the forward peaking in the laboratory system (*). Finally, the Fermi 
motion of the nucleons in the nucleus has to be taken into consideration. 
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3) Fig. 2 shows also the spectra obtained at 3.2° when the circulating 
proton energy was reduced to 10.5 and 17.5 GeV. At these energies the re- 
petition rate may be raised from one pulse every three seconds to one per 
second and one every two seconds respectively. For some experiments (notably 
bubble chambers), one may like to increase the repetition rate. Our data 
Show that this would be accompanied by only a small loss in the flux of par- 
ticles per unit time in the (1-- 5) GeV region. 


4) The total number of y-rays above 1 GeV obtained by integrating our 
spectrum, and also from the scanning counter rate, is about 13300 per cm? 
at 64 m from the target per pulse of 1011 circulating protons. With the above- 
mentioned collimators, the total beam flux is 3.8-10° photons per pulse of 
1011 circulating protons (°). 


3. — Neutron investigation. 


Neutrons were measured by detecting the charged particles produced in a 
light material. From the analysis of some neutron stars in a 1.0m long pro- 
pane bubble chamber (7), it was evident that neutrons in the GeV region pro- 
duce charged particles roughly in a 50° forward cone. Thus to have a high 
efficiency the coincidence counters must subtend a large solid angle. 

The apparatus we used consisted of a 25 cm diameter anticoincidence coun- 
ter, a 10 cm thick (6.5 x 6.5) cm? beryllium converter and three 22 cm diameter 
counters in coincidence, spaced 6 em one from the other and all placed on 
the beam axis. All counters were plastic scintillators 1 em thick; the last 
coincidence counter subtended an angle of 58° from the centre of the beryllium 
converter, in which 20% of the neutrons should interact. 10 em of Pb in the 
beam in front of the first sweeping magnet was used to eliminate the photons. 

With this arrangement we count the number of neutrons above a certain 
energy cut-off. Statistical model predictions (*) give a neutron spectrum peaked 
at about 5 GeV with half heights at 2.7 and 8.1 GeV and few neutrons below 
1GeV. This last prediction is partially confirmed by our experiment, since 
the presence or absence of 8 g/cm? polyethylene absorber between the coinci-: 
dence counters made no difference in the rates. The detector is also sensitive 
to the antineutrons and K° which should be present in the beam but these 
particles are at least an order of magnitude less numerous than the neutrons 
and their interaction cross-sections not too different, so that we essentially 
count only neutrons. 


(6) The CERN proton synchrotron is now able to accelerate 3-10!" protons per pulse 
(7) Ecole Polytechnique - Paris, (1.0 x 0.5 x 0.5) m? propane bubble chamber. We 
thank the Ecole Polytechnique for having put at our disposal a set of pictures. 


a 25 - Il Nuovo Cimento. 
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Table I shows the number of « neutrons » per steradian and per circulating 
proton measured at 64 m from the target both for a beryllium and an alumi- 
nium target. The numbers have a negligible statistical error and a systematic 
uncertainty of about +15% due to uncertainties in efficiencies, extrapolation 
to zero absorber and calibration of the circulating proton beam monitor. Also 
shown on the table are the total number of photons and the number of photons 
above 2 GeV. (The first number has a systematic uncertainty of + 30% due 
to poor knowledge of the spectrum below 1.5 GeV.) The predictions of the 
statistical model at 3° shown on the table cannot be compared directly for 
absolute values with the other numbers, since the measured intensities at 
64m are per circulating proton and no correction has been used for loss of 
particles in air, walls, ete., while predictions are for interacting proton at the 
internal target position (°). 


Tage I. — Measured number of neutrons and of photons per steradian and per circulating 

proton emitted at 56 mrad (3.2°). Errors are rough estimated systematic uncertainties. 

For comparison, the statistical model predictions at 3° per steradian and interaction 
are also shown. 


Neutre | Photons Photons above Statistical 
2 GeV model 
Be | Al | Be Al Be | Al | photons ln+n+K? 
1.66-£0.25 | 1.09+0.16 | 9.74£3.0 | 6.442.0|3.6+0.5|2.2+0.3| 12.51 | 13.25 


From the table the following conclusions can be reached. 
a) A beryllium target gives both more neutrons and more photons than 
an aluminium target. 
b) The integrated number of neutrons is considerably smaller than that of 
the photons. Since it is expected that roughly 5% of the neutrons are in the energy 
region below 2 GeV, the ratio of photons to neutrons in the high energy region is: 


Rea ‘Oa; 
neutrons/g + 2 Gev | PI 


4. — Attenuation measurements of photons and neutrons. 


With the same apparatus used for measuring photons and neutrons, one 
can measure the attenuation cross-sections of these particles by placing ab- 
sorbers in the beam. 

The relative positioning of the absorber-detector system is very important 
for the interpretation of the experiment. 

For y-rays the main process contributing to the attenuation is the electron- 
positron pair creation in the Coulomb field of the nucleus. If the absorber 
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is relatively thick the probability that these electrons produce by bremsstrahlung 
lower energy y-rays becomes appreciable and thus invalidates the measure- 
ment in the low-energy region. The contribution of this effect is in practice 
reduced by the fact that the photon spectrum is essentially exponential so 
that the number of higher energy photons is small. It is nevertheless desir- 
able to reduce further the effect. This is achieved either by placing the ab- 
sorber far away from the detector so that reconverted photons, which will 
be produced at relatively large angles with respect to the natural spread of 
the beam, have little probability for being counted, or by placing the absorber 
just in front of the detector so that electrons from showers initiated in the 
absorber are counted with high probability in the anticoincidence counter in 
front of the detector. We have used this second arrangement and, in addition, 
disregarded the measurements for photons of an energy lower than 3 GeV. 
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Fig. 5. — Mass absorption coefficient of y-rays. 


Fig. 5 shows the results for the photon attenuation coefficient as function of 
the incoming y-ray energy in carbon, polyethylene (CH,) and lead. Least 
square fits of exponential absorption curves to the measurements gave reason- 
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able values of 72. Errors shown on the graph are standard deviations and 
include statistical errors as well as estimated systematic uncertainties. The 
solid curves shown on Fig. 5 are taken from UCRL 2426 — High energy particle 
data — Vol. II. They include attenuation due to electron Compton effect, pair 
production in the field of the nucleus and in the field of the electrons. The 
agreement with these curves is reasonable considering the large statistical er- 
rors and the systematic uncertainty due to the neutrons in the beam. 

The complication of regeneration of neutrons of lower energy is present 
to less extent than with the y-rays, but we have here the difficulty of not 
seeing the neutron spectrum. In this case, absorbers were placed far away 
from the detector in a good geometry arrangement and the extrapolation to 
the total cross-section was relatively easy. The cross-sections in lead and 
lithium were measured. In the case of lead, absorbers were placed at two 
different positions so that we could check that the diffraction pattern follows 
closely that of a black disc. We obtained a mean free path of (118 + 2) g/cm? 
for lead and (61 +5) g/em? for lithium, corresponding to total cross-sections 
(absorption plus diffraction scattering) of (2910 + 50) and (190 + 15) mb res- 
pectively. These values are in good agreement with other measurements (*). 

We found the ratio of the absorption lengths for neutrons and photons 
of energy greater than 4 GeV in lithium hydride (in plastic containers) to be 
1.50 (the attenuation coefficient for y-rays in lithium hydride is about 110 g/cm?). 
Tt is thus possible, although costly in photon flux, to increase the ratio of 


photons to neutrons in our beam. 


It is a pleasure to acknowledge the continuous guidance of Professor G. 
BERNARDINI, the assistance of Miss E. SASSI and the skilful help of G. SICHER 
and B. Smiru. We thank the PS machine group for their assistance in the 
setting up of the experiment, for the alignment of our beams and for the smooth 
operation of the PS machine. 


(8) J. H. Arxinson: UCRL 8966; A. Asumorn, G. Cocconi, A. N. DIDDENS and 
A. M. WeTBERELL: Phys. Rev. Lett., to be pubblished. 


RIASSUNTO 


I fotoni prodotti dai protoni di 25 GeV del protosincrotrone del CERN sono stati 
analizzati con un contatore di Cerenkov ad assorbimento totale ai due angoli di 3.2° 
e 15.9° (sistema del laboratorio). Mentre a 3.2° l’intensità misurata è lievemente supe- 
riore a quella predetta dal modello statistico con l’ipotesi dell’isotropia nel sistema 
del centro di massa, a 15.9° l'intensità è circa un ordine di grandezza inferiore. Questo 
risultato viene interpretato come un’indicazione di un’anisotropia nel c.m. A 3.2° e 
a una distanza di 64 m dal bersaglio (berillio) sono stati misurati 13 600 fotoni al disopra 
di 1 GeV, per cm? e per impulso di 10!! protoni. Al di sopra di 2 GeV, i neutroni sono 
circa la metà dei fotoni. I coefficienti di attenuazione per fotoni e neutroni sono stati 
misurati in carbonio, paraffina e piombo. 
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(La responsabilita scientifica degli scritti inseriti in questa rubrica è completamente lasciata 
dalla Direzione del periodico ai singoli autori) 


Diffusion of Cobalt and Silver in Ordered and Disordered CuZn. 


C. BASSANI, P. CaMAGNI and S. PACE 


C.N.R.N., Centro di Studi Nucleari, Gruppo di Fisica dei Solidi - Ispra 


(ricevuto il 3 Settembre 1960) 


The study of atomic diffusion in an 
ordered alloy has drawn in the past 
few years the attention of several 
authors. Its main interest lies in the 
possibility that the « anomalous » behay- 
iour of diffusion in the ordered lattice 
may give a tool for checking the pro- 
posed mechanisms of atomic migration. 

So far, investigation has centered on 
p-brass, owing to some convenient fea- 
tures of this alloy. Thus, the temper- 
ature dependence of Cu and Zn diffusion 
has been measured systematically by 
various authors (1-2), in the range where 
an ordered superlattice is known to 
occur. Results of a few experiments on 
the diffusion of impurities in ordered 
B-brass are reported by the same sources. 

The results have already been sub- 
jected to a certain amount of specula- 
tion (14). However, the lack of system- 


(1) A. B. KuPER, D. LAZARUS, J. R. MAN- 
NING and C. T. TOMIKURA: Phys. Rev., 104, 
1536 (1956). x 

(2) P. CAMAGNI: Proc. of the 2nd Intern. 
Conference on Atomic Energy, P/1365, vol. 20 
(Geneva, 1958). 

(5) A. B. LIDIARD: Phys. Rev. 
(1957). 

(4) E. W. ELcock and C. W. McComBin: 
Phys. Rev., 109, 605 (1958). 
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atic data on the diffusion of other atomic 
species besides Cu and Zn prevented any 
conclusive remarks to be made. With 
this in mind, work was undertaken in 
order to study impurity diffusion in 
ordered CuZn. 

The present is an advance report on 
the diffusion of Cobalt and Silver in 
B-brass (47.2 atom. % Zn). The experi- 
ments were performed at various tem- 
peratures in the range from ~ 700 °C 
down to ~ 320°C. The temperature 
dependence of Do, and Dy, was thus 
determined in the disordered as well as 
in the ordered phase of the alloy. 

The experimental method was the 
conventional annealing-sectioning tech- 
nique, making use of radioactive tracers. 
Pile-activated isotopes Co and ™°Ag 
were deposited electrolitically from sui- 
table baths (CoSO, or AgCN) onto the 
end surface of cylindrical f-brass spe- 
cimens. The samples were polycrystalline 
with coarse grains, stabilized by heat- 
treatment at high temperatures. After 
diffusion, sectioning was performed on a 
modified precision-lathe; the +-activity 
of the slices was counted in a liquid 
scintillation counter of nearly 47-geo- 
metry. 
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The results are illustrated in Fig. 1, 
where the plots of log D vs. 1/T for Ag 
and Co are shown. The diffusion of the 
two impurities shows features qualita- 
tively similar to those of self-diffusion : 
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hie. A Plot of log D) vs. 1/7 for Ag and Co 

ciffusing in ordered or disordered B-brass (47.2 % 

atom. Zn). [The dotted traces give a comparison 

with the results of Cu and Zn diffusion, reported 
in ref.(*)]. 


a) In the disordered region above 
the transition temperature (77, = 468 °C) 
D,. and De, follow the usual law D=D,: 
-exp[—Q/RT]. It is seen that the two 
log D plots are linear down to temper- 
atures very near to 7; the eventual 
rise of short-range order does not seem 
to affect diffusion appreciably, in the 
case of Ag, and only little in the case 
ef Co. This fits well 
observations on self-diffusion (?). 

Values of the heat of activation and 
frequency factor were determined in this 
range by least-squares fits; they are 
given in Table I. 


with previous 


TaBLe I. — Diffusion in disordered p-brass. 


| Diffusing | una 
| element Q Do 
| | 
| 
Ag | 21.90 kcal/g atom. | 0.014 cm?/s 


| | 
Co | 26.90 keal/g atom. | 0.047 em?/s 


b) At the transition temperature, 
when long range order begins to set in, 
the log D curves drop almost abruptly 
and assume a complicated behaviour. 
In the region immediately below Ts 
the logarithmic plots do not fit straight 
lines. 


c) In the ordered region, the plots 
still have a finite curvature. However, 
at low enough temperatures the slope 
is again practically constant. This would 
allow an average heat of activation and 
an average frequency factor to be 
extrapolated for the ordered range (below 
~ 400°C). However, the above quan- 
tities, owing to their definition, would 
be in no way precise nor meaningful. 


The data for the ordered range were 
then subjected to a more detailed anal- 
ysis, in order to see if the empirical 
curves of D(T) can be made to fit some 
detailed function of e (long-range order 
parameter). It was found by means of 
numerical and graphical interpolations 
that Dy, and De, fit satisfactorily re- 
lationships such as 


pas 1 
(1) Dei = rar exp[oU/kT], 


where: D°” is the experimental value 
at any temperature in the ordered range, 
Di is the value the coefficient would 
have at the same temperature, if it were 
extrapolated from the known empirical 
behaviour, characteristic of the disor- 
dered range; o is the degree of long- 
range order as given by Bethe’s Ist order 
approximation (5). U is a constant para- 
meter, which is typical of each diffusing 
element; in principle, it is the additional 
energy which is required for the activa- 
tion of an atomic jump when ordering 
is complete (o—1). It should take into 
account the disordering effect of the 


(®) See for instance the results of Ist-order 
Bethe’s theory in: R. H. Fow er: Statistical 
Mechanics, chap. XX1 (Cambridge, 1955). 
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jump, as well as the difference of vacancy 
concentration between the ordered and 
the disordered phase. 

Eq. (1) tells us that, in the ordered 
phase, the anomaly of diffusion can be 
described in terms of an «additional » 
free-energy of activation which is linear 
in o (apart from the temperature depend- 
ence contained in 1/(14-0), which is neg- 
ligible when o is sufficiently high). It 
must be noticed that the same conclusion 
had previously been found to hold for 
self-diffusion (see ref. (2)). 

Best fits of empirical data to rela- 
tion (1) have been systematically worked 
out, in order to verify it and to find the 
good values of U for atomic 
species diffusing in ordered f-brass. For 
Co and Ag, the interpolation was made 
using the present results; in the same 
scheme previous data on self-diffusion (?) 
were interpolated for comparison. The 
following values have been obtained (*): 


Various 


(*) It must be noticed that the values of 
Uyn and Wey reported in ref. (?) were erroneous, 
and are to be referred really to one «half- 


bond ». 
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Ucy = 5.7 -10-2 eV/bond , 
Uig=6.4-10-* 6V/bond , 
Uz,, = 7.3 ‘102 eV/bond , 
Uc, = 8.4 :10-2 eV/bond . 


It is thus seen that, on the quantitative 
side, there are remarkable differences 
between the behaviour of impurities 
and self-diffusion, especially for Co. The 
values of U for the various diffusing 
elements also deviate, in general, from 
the 
which is known to be ~ 5.4 -10-2 eV;bond 
for the given alloy (5): however, the 
order of magnitude is respected. This 
fact suggests that the main effect on 
diffusion comes from a configurational 
term, namely the energy of ordering of 
the alloy (or similar «solution terms » 
in the case of impurities): at the same 
time, part of the observed differences 
could be explained by the existence of 
different concentrations of vacancies on 
the two sublattices of the ordered alloy. 

A detailed of the above 
results will be given in a separate paper. 


value of the «ordering energy », 


discussion 


(*) C. Sykes and TH. WILKINSON: 
Inst. Metals, 61, 223 (1937). 
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Dispersion Theoretic Approach in Nucleon-Nucleon Scattering. 


S. Fururcur and S. MACHIDA 


Department of Physics, Rikkyo University - Tokyo 


(ricevuto il 15 Novembre 1950) 


In the present short note we would like to report briefly a new approach to the 
dispersion theoretic treatment of the nucleon-nucleon scattering, where the impact 
parameter will play an important role as it has been shown up in the potential 
theoretical treatment by Taketani’s group in Japan (1). The detailed discussions 
will appear soon in the Progress of Theoretical Physics. 

Assuming the general invariance which has been accepted valid for the strongly 
interacting particles, one can write down an S-matrix for the elastie nucleon-nucleon 
scattering with ten independent scalar functions of energy-momentum of nucleons 


9 


in the initial and final states (2) as follows: 


1) (S-1),= (20 dp; + pi— pr — Ps) D> ISCR, t, 0) + VP}, 


f= 
(2) s=—(pi+ pi), t = —(p;— py)” » w= — (pi — Ps) 


where p,, p; and py, p; are energy-momenta of the initial and the final states of 
nucleons respectively, and J,s are a set of five independent functions involving 
spin operators (2%). The double dispersion relation (4) or appropriate one-dimen- 
sional dispersion relations (?#) can be applied to the invariant functions G;s. For 
example, if we fix the exchanged momentum transfer w, we obtain the following 
type of dispersion relation, except the contribution from the deuteron pole, 


co co 
q? il), Pi (5, w Le it, u 
(3) G(s, t, w) = ay O75 + [aw 108 di + | dt! Dall di - 
ut 7 | s'—s—te © t’'—t—te 
am? ap” 


where g is the renormalized pion-nucleon coupling constant, and m and y are the 
nucleon and pion masses respectively. The first term of the right hand side of 
eq. (3) represents the one-pion exchange contribution (OPEC). 


(2) Prog. Theor. Phys. Suppl. No. 3, Nuclear Force (1956). 

(2) M. L. GOLDBERGER, Y. NAMBU and R. OEHME: Ann. of Phys., 2, 226 (1956). 
(3) M. Cini, S. FUBINI and A. STANGHELLINI: Phys. Rev., 114, 1633 (1959). 

(4) S. MANDELSTAM: Phys. Rev., 112, 1344 (1958). 
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For energies where inelastic processes are negligible, i(s, u) may be determined 
from the unitarity condition of the S-matrix, although kinematical complexity must be 
overcome. The absorptive parts of the unphysical region ®i(t, u) are connected with 
the absorptive parts of the nucleon-antinucleon process, and we can divide them into 
the two-pion exchange contribution (TPEC), the three-pion exchange contribution, and 
so on. The two-pion exchange contribution is calculable, if we adopt the meson 
theoretical approach, while the theoretical estimation of the more-than-two-pion 
exchange contributions is almost impossible, because the caleulation of the phase 
volume in such states is very difficult. In order to avoid such a difficulty we had 
better pick up the physical quantities which are insensitive to the detailed behavior 
of the heavier intermediate states than the two-pion state. 

As is well known, the nucleon-nucleon scattering has been extensively studied 
by Japanese physicists (1), basing on the potential model. Through their analyses 
the usefulness of the so-called Taketani methodology (51) has been confirmed. Ap- 
plying Taketani’s idea to the phenomenological investigation, Marsumoro and 
WATARI (%1) showed that the phase shift for the partial wave with a given orbital 
angular momentum / is dependent only slightly on the behaviour of the potential 
at distances smaller than one half of the impact parameter b, 


(4) by = Vil + 1)/E, 


where % is the momentum in the barycentric system. From their results it is seen 
that taking account of b, as an index we can separate the phenomena which is 
insensitive to the detailed behavior of the inner region of the potential, so that the 
range Classification of the potential may be possible. 

From the above considerations it could be expected that the division of region 
depending on the impact parameter may also provide a useful tool in the course 
of the dispersion theoretical treatment of nucleon-nucleon scattering, although the 
introduction of the impact parameter is a purely formal procedure. The concept 
of the impact parameter is implicitly included in the polological consideration given 
by CHEW (7). 

If we consider the eigenstates of the total angular momentum, total spin, 
parity and total iso-spin, evaluation of the imaginary part of the scattering ampli- 
tude using the unitarity condition becomes considerably easier and the dispersion 
relation for each spin state is separated out owing to the conservation law. 

For simplicity, we consider the partial wave amplitude J/,(k?) in the singlet- 
even state. If we assume the analytical properties of G,(s, 7, u) in the type of the 
Mandelstam representation, we can derive the following dispersion relation for the 
M,(k?), 


© 212 o Mer co ji+an 12 7,12 
(5) M, (ie) == | TRE) = ri Z 8 / ci vg ci ci : | Mison(K?) |? aim 
al k° —k? ie (40)? ¥ 72+ me? QV 2+ 4n + 1 
0 
œ 
p24 (102 /2k?) Q(1+ p?/2k?) — do} V x(21 + 1)/2m? + | dw A(w, k?) Q,(1 + w/2k?)/K , 
au 
(5) M. TAKETANI, S. NAKAMURA and M. SASAKI: Prog. Theor. Phys. 6, 581 (1951). 
(8) M. Marsumoro and W. WATARI: Prog. Theor. Phys., 11, 63 (1954). 
(©) G. F..Curw: Phys. Rev., 112, 1380 (1958). 
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where A(w, k2) represents the two-pion exchange contribution, three-pion exchange 
contribution, and so on, and A(w, k?) is the regular function for k? > — (m?+ 3°). 
The precise verification of eq. (5) will be given in our coming paper. The general 
features of Q)(1 + w/2k?)/2k?, where Q, is the second kind Legendre function, in 
region k2>0 are represented in Fig. 1. 
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dependence of Q,(1 Lac /2h2) w 2h? when we take w=? and w=4y" respectively. 


It should be noted that there may be a region where OPEC is dominant in 
some sense when | is not zero, while for S-wave amplitude such a region does not 
exist, if A(w, k?) is not so singular function. These facts seem to be consistent with 
the above mentioned classification of the region by the impact parameter. If this is 
the case, we can put A(w, h?) Q(1+w/2k2)/k? x 0 when b, is larger than some critical 
value. Taking into account the analogy with the potential model, we take 1.5 °° 
as this critical value. In this approximation the only branch point hk? = — (w?/4) 


exists on the negative k?, so that one may solve it easily by making use of the same 


way as that of the static pion theory given by CHew and Low ($). Thus we obtain 


(7) (JE) ctg d.(k?) = 


(ce) 


k?4(42/4)P._(" Bi(k'° 
| te. Si / ) few n il ) 


> (1,2 g? | 9 91.2 2 /91-2 N 
(8) B,(k?) = TE [Qi + u2/2k2)(u?2/2k2) — dv] - 


(O)MGE 


F. 


CREW and F. E. Low: Phys. Rec, 101, 1570 (1.956). 
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The calculated (k5/H) ctg 6, is plotted in Fig. 2 as an example, where we take 
g?/4a= 14.4. 

In order to cover the lack of the complete experiment in the low energy, the 
phase shift calculated by HAMADA (*) using the phenomenological potential is also 
plotted in the corresponding figure as 
a standard. The mutual deviation of 
these two phase shifts is rather large 
even for b, & 1.5 u*. The appreciable 
part of this deviation may be provided 40} 
by the two-pion exchange contribution. 
On the other hand, it may be unrelia- 
ble to approximate the high energy 
part of the integrand of eq. (7) by 
OPEC only, because the integral of eq. 
(7) reflects the right hand cuts of the 
original eq. (5). The latter point can be 
improved if we introduce k?2"1/H) ctg 0; 
at zero momentum as a parameter, 
a = [(k2?41/E) ctg 0 (k?)l=-0. For the 
several values of a, the phase shifts are 
also plotted on Fig. 2. It may be 
pointed out that the variation of a,, 
consequently, the variation of phase 
shift induced by it has the same order 


of magnitude as the ambiguity of the 
phase shift due to the inner region ef- 
fect in the case of the potential theo- 
retical treatment (1). This fact seems 
to show that representing the inner re- 
gion effect by a parameter like a, 1s 
not so implausible. 


— (45/2) ete 6.(h*) 
case given by eq. (7), where the calculated a» is 
0.519, and curve B and € represent the modified 


Fig. 2. curve uf represents the 


cases when we put a.=0.5 and 0.49 respectively. 
The dashed curve represents (4°/E) cot 6. caleu- 
lated by HAMADA. 


We have assumed the validity of the non-subtracted dispersion relations through- 
out this article. However, this may largely be masked by the normalization of 
eq. (7) and the introduction of a@,, though further investigations on this problem 


should be necessary. 


Kk 


The authors are indebted to Dr. W. Warart for his valuable discussions. 
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1. — Introduction. 


K~-meson absorptions in emulsion 
nuclei are a relatively rich source of 
X*-hyperons. It may therefore be ex- 
pected that some of the interaction stars 
found in following out baryon prongs 
from such absorptions are caused by X*- 
hyperons. 
to rest, undergo a nuclear capture which, 
in about 60% of the cases, does not lead 
to the emission of charged particles (1). 
However, there is little information con- 
cerning Y*-hyperon interactions in flight. 
It is difficult to ascertain the identity 
of the particles in the case of a dis- 
appearance, or a «stop», in flight. An 
interaction star can be unambiguously 


D -hyperons, when brought 


(*) On leave from the University of My- 
sore, India. 

(**) On leave from the University of War- 
saw, Poland. 

(:) K7 EUROPEAN COLLABORATION: Part II, 
Nuovo Cimento, 14, 315 (1959). 

(?) M. NIKOLIG, Y. HIsENBERG, W. KocH, 
M. SCHNEEBERGER and H. WINZELER: Helv. 
Phys. Acta, 33, 221 (1260). 

(5) KT EUROPEAN COLLABORATION: Nuovo 
Cimento, in press. 


identified as being caused by a X+- 


hyperon only if 


i) the S+-hyperon is seen to re- 
emerge from the star, or 


ii) the interaction is exothermic, or 


iii) a hyperfragment is emitted from 
the star or the decay of a free 
A°hyperon can be associated 
with it. 


A number of inelastic scatterings of 
X*-hyperons (7) case i), and of exother- 
mic interactions (2-8) case 11), have been 
reported. 

In this communication, an event is 
described which is interpreted as an ab- 
sorption in flight of a © -hyperon with 


(4) W. F. Fry, J. SCHNEPS, G. A. SNOW 
and M. S. Swami: Phys. Rev., 100, 939 (1955). 

(5) H. G. GLASSER, N. SEEMAN and G. A. 
Snow: Phys. Rev., 107, 277 (1957). 

(i ios Hele IDs, MES IDs ORE! Biel Als 
ZAKRZEWSKI: Nuovo Cimento, 14, 265 (1959). 

@) C. M. CARELLT, B. QUASSTATI and M. 
VIGONE: Nuovo Cimento, 17, 786 (1960). 

(8) KT EUROPEAN COLLABORATION: Part III, 
Nuovo Cimento, 15, 873 (1960). 
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the production 
case 111). 


of a hyperfragment- 
To our knowledge, this is the 
first example of such an interaction to 
be reported, although emission of hyper- 
fragments from XY -hyperons captured at 
rest has been observed (°). A previously 
published (8) exothermic interaction of a 
X-hyperon is also discussed. 


2. — Results and discussion. 
During a systematic study of two 


pronged stars produced by K -mesons 
captured at rest, an event, which is shown 


401 


> 
> 


urements on all prongs from stars A, I 
and C are displayed in Table I. 

The baryon causing the interaction 
star B can be identified as a Y*-hyperon 
from the observation of the hyperfrag- 
ment emission, since a strange particle 
cannot be produced in this case by a 
non-strange particle. Further, the charge 
of this hyperon can be inferred as nega- 
tive from the charge of the accompanying 
rt-meson, the probability of two charge 
exchange processes being negligible (2:10). 
The energy of the 4 -hyperon was estima- 
ted from ionization (9) measurements (17) 
and found to be (53 +5) MeV at emission 


in Photograph 1, has been found (*). and hence (43-5) MeV at interaction. 
Aero dI 
— == = === ae = 
Track identi Dip Azimuth Range 
Bee Evo | CODA) angle (°) angle (9) | (um) 
A 1 x 15.9 +1 0 +0.5 19 950 
2 =- 00 Eu 150.6 + 0.5 AR = 2880 
B 3 probably p, d or t This, Se ik 9.8 + 0.5 360 
4 probably « 37.5 + 5 110.5 +5 54 +1 
| 5 45Hey 39 I 220.4 + 0.5 670 
| 6 | probably « Sl =e I 227.9 + 5 41+1 
C 7 p OG 185.2 + 0.5 437 
| 8 We 0 +1 O +0.5 12 460 
9 3.4He 4 26 + 1.2 [3s 
Star A consists of two prongs: track 1 The total visible energy in the K -meson 


is due to a x*-meson identified by its 
decay at rest rt—ut—et, and track 2 
to a particle which, after traversing 
2.9mm, gives rise to a four-pronged 
interaction star B. Prong 5 of star B 
is due to a hyperfragment identified by 
its mesonic decay at rest, star C, after 
traversing 670 um. The details of meas- 


(*) Details of stack exposure and scanning 
procedure are described in (3): 


(9) See eg. G. DASCOLA, C. LAMBORIZIO, 
S Mora and T. ORTATI: Nuovo Cimento, 16, 
241 (1960). 


absorption star A is then (88-6) MeV 
and can be compared with the Q value 
of 96 MeV for the reaction 


K-+p7> + a 
The residual momentum of (280-416) 


MeV/c is probably taken by the nucleus. 


(1°) K7 EUROPEAN COLLABORATION: Part I, 
Nuovo Cimento, 13, 690 (1959). 

(11) P. H. FowLER and D. 
Phil. Mag., 46, 587 (1955). 
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The presence of two short prongs in 
star B gives the indication that the inter- 
action took place in a light nucleus of 
the emulsion (C, N, 0)(12). Assuming 
tentatively the identities of all the prongs 
it is found from the conservation laws- 


TABLE 
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ZAKRZEWSKI and D. H. DAVIS 


the direction of the recoil (prong 9) as 
far as this could be ascertained. 

If the recoil is taken to be a *He or 
a ‘He nucleus, the measured range of 
1.3um corresponds to that expected 
from the calculated resultant momen- 


IRE 


Track No. 


Measured 
Proton 
0.9 + 0.1 


that more than one neutron has been 
emitted. It seems likely that the inter- 
action took place upon an oxygen nuc- 
leus (charge conservation) and the pos- 
sible interaction scheme is then 


DT 160 > 45Hoy + a+ a+ 


+ 1:2:3H + neutrons . 


TABLE 
Track Identity 
No. of the decay products 
7 p 
8 Te 
9 SHe vor Ee 


A 8-ray count was performed on prong 
5 and the result compared in Table II 
with that obtained from measurements 
on calibration proton tracks. It is seen 
that the charge of the hyperfragment is 
very likely to be two. On the assumption 
that prong 7 is due to a proton, the re- 
sultant of the 7 -meson 
(prong 8) and the proton (prong 7) was 
found to be (43.42) MeV/e and to lie in 


momentum 


(22), See e.g. M. G. K. MENON, H. MUIRBEAD 
and ©. Rocmatr: Phil. Mag., 41, 583 (1950). 


Number of 3-rays, having at least 4 grains/650 um | 


Mean for | 


| 
‘He hi | 
3.6 04 (SE L12000 


tum (1). The hyperfragment can there- 
fore be interpreted as the decay of *He, 
or 5Hey according to the scheme 


13He, > x + p + ‘He. 


The binding energy of the A°hyperon 
in these fragments, calculated using the 


WEL 

Momentum Binding energy | 
MeV/c MeV | 
127 +7 2.2 11.3 or | 
60 22 2 3 8 | 
43 + 2 

value of Q—(37.61+0.12) MeV (14) is 


shown in Table III (calibration proce- 
dure is described elsewhere (15)). 

The moment un of the ejected *5He\ 
is 595 MeV/c or 690 MeV/c respec- 
tively, and its direction of flight makes 
an angle of 31+1° with that of the inei- 
dent © -hyperon. 


(13) R. LEVI-SETTI, NV. H. SLATER and V. IL. 
TELEGDI: Suppl. Nuovo Cimento, 10, 68 (1958). 

(4) L. W. ALVAREZ: Report at the Kiev Con- 
ference (1959), 

(S) D, Evans, B. D. JonuSs and J. ZAKR- 
ZEWSKI: Phil. Mag. 4, 1255 (1959). 
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ABSORPTIONS IN FLIGHT OF 2 


Photograph 2 shows the exothermic 
interaction in flight of a £ -hyperon 
emitted from a K~-meson absorption at 
rest, previously reported (§). The mass 
and energy of the interacting X-hyperon 
were found to be respectively 
(1330+150) MeV and (43+4) MeV. The 
lengths of prongs from the interaction 
star B are given in Table IV and the 
energies are quoted for protons. 


TABLE LY. 


Length ‘Energy if proton 


Track 

| No. (um) (MeV) 
D 4 300 DE 
| 6 200 5 
| Ù 220 6 
| 8 2700 25 
| 9 460 9 
las.| 100 4 


The charge of the hyperon has been 
deduced as negative from a study of the 
K--meson capture, this having been 
shown to have occurred on a light 
nucleus (16) via either of the reactions: 


K= + 1460 = X +p+p+n4+ *C 
K += 4N = Sa p+ p+ p+ eB 


On consideration of binding ener- 
gies, the visible energy release in star B 


(26) D. Evans, B: D. JONES, B. SANJEE- 
VAIAH, J. ZAKRZEWSKI, M. J. BENISTON, V. A. 
Buzz and D. H. Davis: Proc. Roy. Soc., in press. 
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is 130 MeV even if all the particles are 
protons. Furthermore, must 
be emitted, and it seems therefore that 
no A°hyperon has been emitted from 
the struck nucleus. 


neutrons 


3. — Conclusions. 


Two events can be identified as 
Y--hyperon absorptions in flight in the 
emulsion nuclei. In one of the inter- 
actions, the emission of an energetic 
15He\ hyperfragment has been observed 
In the other, the energy release indicates 
that the A°-hyperon was trapped in the 
parent nucleus. 
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LIBRI RICEVUTI E RECENSIONI 


Recensioni. 


F. TRICOMI — Hsercizi e Complementi 
di Analisi Matematica, Parte Se- 
conda, 32 ediz. ; in 8° di pp. XI-D11 
con 99 figure. Padova, CEDAM. 


Il Prof. TRICOMI è troppo noto fra 
i nostri maggiori matematici per le sue 
qualità di espositore chiaro, insieme, e 
brillante, perchè un suo libro abbia 
bisogno di commenti in questo senso. 
Piuttosto nel recensire la terza edizione 
della Seconda Parte dei Complementi ed 
Esercizi del suo Corso di Analisi Mate- 
matica, ci sia lecito fare aleune osserva- 
zioni di carattere generale sopra l’inse- 
gnamento delle Matematiche nelle nostre 
Università. 

Non si può infatti fare a meno di 
osservare che giovani laureati in Fisica 
usciti dalle Università Italiane ignorano 
o hanno visto appena di sfuggita troppi 
argomenti di importanza vitale per la 
loro futura carriera di ricercatori. Chi 
scrive ricorda per esempio, di essersi 
laureato nell’ Università di Roma vari 
anni fa senza che nessuno gli avesse 
parlato di funzioni analitiche o di 
serie di funzioni ortogonali (inclusa 
quella di Fourier) o di trasformate inte- 
grali, per citare solo alcune lacune fon- 
damentali, salvo brevi cenni che il pro- 
fessore di fisica teorica era costretto 
ad inserire per rendere comprensibile il 
suo corso. Ora la situazione sembra 
alquanto migliorata, ma si ha ancora 
l'impressione che molto spesso i corsi 
di matematica siano dedicati più agli 
argomenti che stanno a cuore all’inse- 
gnante, che a quelli che possono essere 
utili agli alunni. Pur essendo consci 
della verità del detto (divenuto ormai 
un luogo comune) che la matematica 
pura è quella che non è stata ancora 
applicata, non si deve dimenticare che 
a molti, anzi alla maggior parte degli 
studenti, la matematica che essi appren- 
dono all’università, oltre che dar loro 
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una necessaria formazione mentale, deve 
metterli in grado di risolvere quei pro- 
blemi che si presentano loro nelle infinite 
applicazioni alla fisica e ad altre scienze. 

Per tal motivo salutiamo con piacere 
questo libro del Tricomi, il quale, a 
nostro giudizio, soddisfa alle esigenze 
del rigore, mentre non perde di vista 
le finalità applicative di cui abbiamo 


parlato. Il libro, come dice l’Autore, 
conduce il lettore fino alla soglia di 
quella che si suol chiamare «Analisi 


della teoria dell’inte- 
grale di Lebesgue, delle funzioni anali- 
tiche, della funzioni ortogo- 
nali, ece. Gli argomenti dei (Complementi 
ci sembrano scelti con opportunità al 
pari degli Esercizi. Si ha l'impressione 
che molte delle cose contenute nel vo- 
lume debbano riuscire utili non solo a 
studenti, ma anche un ricercatore possa 
ricorreryi almeno per una prima infor- 
mazione chiara ed autorevole (spesso 
sufficiente) sopra varie questioni che lo 
interessano nei suoi lavori. 


Superiore », cioè 


serie di 


L. GRATTON 


S. E. LIVERHANT — Hlementary intro- 
duction to nuclear reactor physics, 
xIv-+447 pp., J. Wiley and Sons, 
Ine. (1960). 


Questa introduzione alla fisica dei 
reattori nucleari è più adatta per inge- 
gneri e chimici che non per fisici. Nella 
successione dei capitoli viene seguito uno 
schema comune ormai ad altri libri sullo 
stesso argomento. 

Dopo aver discusso la struttura e le 
proprietà dei nuclei ed introdotto alla 
teoria delle reazioni nucleari, vengono 
esaminate più in dettaglio le reazioni 
prodotte da neutroni. Il capitolo sul pro- 
cesso di fissione lega questa prima parte 


406 LIBRI RICEVUTI E RECENSIONI 


di fisica nucleare a quella relativa alla 
fisica del reattore, dove viene esposta la 
teoria del rallentamento e della diffusione 
dei neutroni termici, illustrato il signifi- 
cato dell'equazione di criticità e della 
equazione che regola il regime transitorio 
dei reattori nucleari, ed infine affrontato 
il problema della variazione di reattività 
durante il funzionamento di un reattore. 

Gli ultimi tre capitoli sono un po’ a 
sè, e riguardano l'interazione della radia- 
zione elettromagnetica e delle particelle 
cariche con la materia, i metodi e gli 
strumenti per la rivelazione delle parti 
celle e questioni connesse con la fisica 
sanitaria. Nello spirito del titolo, il libro 
avrebbe acquistato, a mio giudizio, mag- 
gior completezza se fossero stati invece 
discussi i metodi a più gruppi e più re- 
gioni per l'equazione di criticità, le varie 
approssimazioni per la soluzione delle 
equazioni esatte del trasporto, onde chia- 
rire meglio i limiti della teoria della dit- 
fusione, ed infine il problema dei cieli 
di combustibile, problema veramente at- 
tuale dal punto di vista economico. 

Devo però riconoscere che lesposi- 
zione è chiara e ricca di esempi e di gra- 
fici. I numerosi esercizi ed una biblio- 
grafia aggiornata alla fine di ogni capi- 
tolo costituiscono un altro pregio di 
questo libro. 


E. CLEMENTEL 


A. V. LEBEDEV e R. M. FEDOROVA — 
A Guide to Mathematical Tables, 
Pergamon Press, 1960, pp. XLVI- 
586; prezzo $ 9. 


Il presente volume, traduzione in- 
glese dall’originale russo, pubblicato nel 
1956 a cura dell’Accademia delle Scienze 
del’ URSS, costituisce un ampliamento 
ed un aggiornamento dell’utilissima opera 
An Index of Mathematical Tables pub- 
blicata nel 1946 a cura di Fletcher, 
Miller e Rosenhead. 


Viene data notizia delle tavole ap- 
parse, separatamente o in articoli scien- 
tifici, sino a tutto il 1952. Un supple- 
mento al volume, in preparazione, terrà 
conto del materiale pubblicato dal 1952 
al 1958. 

I 15 capitoli in cui il volume è sud. 
diviso prendono in considerazione: 1) Po- 
tenze, funzioni razionali e algebriche: 
2) Funzioni trigonometriche, vari valori 
connessi con il cerchio e la sfera; 3) Fun- 
zioni esponenziali ed iperboliche; 4) Loga- 
ritmi; 5) Fattoriali, integrali euleriani e 
funzioni con essi collegate; 6) Seno, 
coseno, esponenziale e logaritmo inte- 
grali; 7) Integrali di Gauss e funzioni 
interessanti il calcolo delle probabilità; 
8) Integrali e funzioni ellittiche; 9) Fun- 
zioni e polinomi di Legendre; 10) Fun- 
zioni cilindriche (di Bessel, Neumann, 
Lommel, Stokes, Kelvin, Airy, Struve) 
e loro integrali; 11) Funzioni speciali 
(polinomi di Cebyscev, Jacobi, Bernoulli, 
Eulero, ..., funzioni di Mathieu, Lamé, 
Whittaker ...); 12) Radici di equazioni 
algebriche o trascendenti, funzioni solu- 
zione di certe equazioni differenziali; 
13) Valori che intervengono nel calcolo 
delle differenze finite, somme di serie, 
prodotti infiniti; 14) Costanti notevoli; 
15) Fattori primi, divisori. 

Gli elementi fondamentali per la 
descrizione di una tavola sono di regola 
così raccolti, da sinistra a destra, su 
una stessa riga: 1) il numero di cifre 
decimali o significative; 2) l’intervallo 
in cui varia l’argomento e le differenze 
tra i valori d’entrata (passo); 3) un nu- 
mero che fa riferimento a libri o riviste 
elencati in serie alla fine del volume e 
suddivisi corrispondentemente ai capitoli. 

L’edizione russa ha termine con un 
indice degli autori. Nella presente edi- 
zione inglese è aggiunta un’appendice di 
36 pagine con una traduzione dei titoli 
dati precedentemente in lingua russa. 

L’opera qui recensita non dovrebbe 
mancare, o nell’originale o nella tradu- 
zione, in alcun laboratorio di calcolo, e 
la presenza in esso di moderne calcola- 
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triei automatiche non ne riduce l’inte- 
resse, per la convenienza di controllare 
programmi mediante confronto con va- 
lori gia calcolati. 

E. APARO 


D. A. BELL — Electrical Noise. 
Nostrand Company, p. 342. 


Van 


Lib rod ele rote EAN PELLE 
distingue dai molti libri recentemente 
editi a proposito del rumore nei sistemi 
elettronici per l’aspetto critico-storico 
della presentazione. L’attenzione è foca- 
lizzata sulla fisica relativa alla genera- 
zione del rumore nei componenti piut- 
tosto che all’influenza del rumore nei 
riguardi di specifici problemi di trasmis- 
sione dell’informazione. 

Il libro è chiarissimo ma di tono 
decisamente elevato e destinato a ricer- 
catori interessati allo sviluppo di questo 
campo. 

T primi due capitoli richiamano le 
nozioni di statistica e i metodi mate- 
matici usati in seguito. 

Nel terzo capitolo vengono discusse 
criticamente diverse derivazioni del teo- 
rema di Nyquist e viene discusso il con- 
cetto di grado di libertà di un sistema 
elettrico, e la distinzione di questo con- 
cetto da quello di modi di oscillazioni 0 
gradi di libertà di una forma d’onda in 
una assegnata banda. In particolare alla 
fine del capitolo 1’ Autore con un elegante 
ragionamento energetico deriva la distri- 
buzione spettrale del rumore dovuto a 
una resistenza non lineare. 

Nel quarto capitolo 1’ Autore discute 
nuovamente il rumore termico dal punto 
di vista della sua generazione microsco- 
pica ricollegandolo a problemi di mec- 


canica statistica: questo tipo di attacee- 


prepara la via allo studio di rumore nei 
sistemi non in equilibrio termodinamico 
quale il rumore granulare nel diodo in 
regime di carica spaziale. 

I capitoli 5, 6 e 7 sono dedicati al 


i 
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rumore granulare della corrente in diodi 
rispettivamente con campo accelerato, 
con campo ritardante, e in regime di 


. carica spaziale. 


L’Autore si è occupato particolar- 
mente come ricerca, e il suo libro lo 
rispecchia, della connessione tra rumore 
granulare e rumore termico: il suo pen- 
siero che oggi credo sia largamente con- 
diviso, è sintetizzato nella seguente frase: 
«Le fluttuazioni della corrente possono 
essere sempre calcolate con un metodo 
di meccanica statistica: laddove esista 
una corrente proporzionale alla condut- 
tanza (diodo piano in campo ritardante) 
la divisione tra rumore termico e rumore 
granulare è arbitraria dal punto di vista 
termodinamico; ma in termini di mec- 
canica statistica si può fare una distin- 
zione logica fra fluttuazioni nel numero 
dei portatori di carica (rumore granulare) 
e fluttuazioni in velocità (rumore ter- 
mico) ». 

L’ottavo capitolo tratta il rumore 
nei tubi elettronici amplificatori e nei 
fototubi moltiplicatori, in particolare il 
rumore indotto di griglia: la trattazione 
è basata sull'impiego del teorema di 
Ramo. 

Il nono capitolo tratta del rumore 
nei tubi a pennello elettronico e negli 
amplificatori parametrici. 

Il decimo capitolo riprende gli argo- 
menti cari all’ Autore della generazione 
del rumore in base al meccanismo fisico 
della conduzione nei semiconduttori per- 
corsi da corrente: il rumore detto con- 
venzionalmente 1/f in base alla sua distri- 
buzione spettrale. 

L’Autore presenta una sua teoria 
che non postula speciali costanti di 
tempo o meccanismo di intrappolamento 
dei portatori di carica. 

I capitoli successivi 11, 12 e 13 
trattano rapidamente problemi partico- 
lari quali rumore in film metallici, rad- 
drizzatori, transistors e rivelatori di 
radiazione, e infine il ramore Barkhausen. 

Un breve capitolo è dedicato alle 
tecniche di misura del rumore. 
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Ogni capitolo è corredato da una 
esauriente bibliografia. 
Per la completezza, la chiarezza e 
il vigore l’opera è da consigliarsi a ogni 
ricercatore che debba risolvere problemi 
di rumore e a ogni docente che debba 
criticamente esporre i fondamenti fisici 
della relative teorie. 
E. GATTI 


M. DUQUESNE, R. GREGOIRE et 
M. Lerort — Travaux Pratiques 
de Physique Nucléaire et de Radio- 
chimie, 324 pp., Masson e Cie.. 


Questa raccolta, redatta su invito di 
F. Jorror-CuriE, è destinata agli stu- 
denti di fisica e chimica della Facoltà di 
scienze di Parigi. Il carattere sperimen- 
tale del libro mantiene il duplice aspetto 
fisico e chimico: e ben può affermarsi, 
per la vastità del materiale pratico trat- 
tato, che l’opera interesserà anche il 
tecnico e l’ingegnere orientati verso atti- 
vità per le quali siano necessarie chiare 
nozioni di fisica nucleare. 

Il procedimento seguito per la com- 
pilazione del libro si basa sulla conside- 
razione di quei procedimenti sperimen- 
tali essenziali alla comprensione dei me- 
todi di studio della struttura nucleare. 
Una breve introduzione teorica richiama 
le leggi fondamentali necessarie per la 
comprensione del testo e serve come pre- 
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messa. L’opera si suddivide in due parti. 
La prima tratta della rivelazione delle 
radiazioni e dei metodi impiegati per la 
misura dell’intensità ed energia dei fo- 
toni, delle particelle e degli elettroni. 
Una serie di esperienze introduce l’appli- 
cazione di questi metodi alla radiochi- 
mica. 

La seconda parte riguarda i metodi 
che permettono di studiare i processi di 
disintegrazione dei nuclei; e ancora l’in- 
fluenza della disintegrazione radioattiva 
sull’atomo, l’azione chimica delle radia- 
zioni e l'utilizzazione dei radioisotopi in 
diversi problemi della chimica. In appen- 
dice sono trattati gli effetti biologici delle 
radiazioni e i problemi connessi con le 
protezioni. 

L’opera, impostata prevalentemente 
da un punto di vista pratico, non tra- 
scura idee e considerazioni che possano 
servire di guida per una effettiva orga- 
nizzazione del materiale sperimentale. 
Riteniamo tuttavia che uno studente o 
un giovane sperimentatore, ai quali è 
destinata, dovrebbe penare non poco in 
tanta messe di notizie e di materiale spe- 
rimentale. Una suddivisione della rac- 
colta in più volumi, con carattere speci- 
fico ed una fusione più equilibrata tra 
le considerazioni teoriche e il materiale 
pratico, permetterebbe a nostro avviso 
un più adeguato procedimento sperimen- 
tale e un’interpretazione corretta dei fatti 
osservati. 
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